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Tub following espoaitioQ of the elementary principles of rational 
mechanics, is intended to be sufficiently brief and free from difficulties 
to be thoroughly mastered by students of ordinary capacity, ia the time 
usually allotted to the subject, and yet comprebcnrivo enough to bo 
made the basis of a coarse of general physics and practical mechanics. 
It has no clums to originality ; the methods employed being generally 
those trbich have been long in use, and which may be found in many 
of tbc best treatises on the same subject. 

Of the vrorks consulted in the preparation of this volume, most 
,B been derived from those of Poisson and Boucharlat ; 
9e has aleo been made of those of Eabnshaw, Ponss, 
Sadbi, and Puissant. 

An unavoidable delay haa occurred in the preparation of the few 
sections on fluids necessary to complete the plan, but they will now 
soon be published. 
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ELEMENTS OF MECHANICS. 



INTRODUCTION. 



1. "When a body occupies successively difierent posi- 
tions in space, it is said to be in' motion. 

2. Whatever produces, or tends to produce motion, 
is called force. The action of a force, whatever its 
origin, may be conceived to consist in communicat- 
ing to the body on which it acts, impulses, either 
finite, or infinitely small. The body is, in all cases, 
supposed to be entirely inert, and subject only to 
the influence of forces exterior to itself.* 

3. It can readily be conceived that two or more 
forces may be so applied to a body, that their effects 
shall counteract each other, and no motion shall 
ensue : in this case, the forces are said to be in equi- 
Uhritim. 

•Abstraction is thus made of vitality, and certain properties inherent 
in matter, as gravity, and the chemical and electricaJ attractions, etc. 
etc. When the effects of these are to Ijc determined, thcj are regarded 
SB Gxtraneons forces. 
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10 MECHANICS. 

4. Mechanics ia the science which treats of equi 
libriura and of motion. It is divided into two parti 
Statics and Dysamics. 

5. In statics, the subject of equilibrium is consi 
dered. It ia divided into two parts: 

I. The statics of solids, called simply Sialics; 
II. The statics of fluids, called Ili/drostatics. 

6. In dynamics, the subject of motion ia considered 
It also ia divided into two parts : 

I. The dynamics of solids, called simply Df/namcs 
II. The dynamics of fluids, or Hi/drodi/namics. 
T. The reasonings in mechanics are based upoi 
certain facts of great generality, derived from obsei 
vation and experiment, called the lotos of motion. Wi 
shall do little more than enunciate them, leaving i 
chiefly to the in.structor to supply the observation 
and experiments by which they are proved and illus 
trated. 

LAWS OF MOTION. 

I. The law of inertia. 

The motion of a body, when left io {(self, is rectUinea 
and uniform. Thus when a body receives an ioipula 
and then is abandoned to itself, according to thi 
law all its points will describe straight lines, and wi! 
move over equal spaces in equal times. 

At first view, this law appears to be contrary t 
the most obvious facta ; for the motions which w 
observe in bodies on the surface of the earth ar 
neither rectilinear nor uniform, and they all soo: 
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terminate. In theee cases, however, tbe bodies 
are really not left to themselves, but are constantly 
acted upon by certain forces, as gravity, friction, etc., 
which in a greater or less degree interfere with their 
motions. But it is invariably found, that as these 
interfering forces are diminished in intensity, the 
motions take place more nearly in accordance with 
the law. Thus in the case of a body moving on a 
horizontal plane, as the surface of each is rendered 
smoother, the more nearly does the motion become 
rectilinear, and the longer does it continue. Again, 
a pendulum, oscillating under ordinary circumstances, 
is soon brought to rest ; but if we diminish tbe fric- 
tion at tbe axis of suspension, and cause tbe vibra- 
tions to be made in tbe vacuum of an air-pump, the 
motion will continue for many hours. 

From these and other similar experiments, as well 
as from numerous analogous observations, we infer 
that if the interfering forces could be annihilated, 
the motions would take place in conformity with 
the law. 

II. The law of the coexistence or independence of moiions. 

The relative motions of a system of bodies are not affected 
hy any motion which is common to all the poiids of the sys- 
tem._ 

To aid the student in the conception of this law, 
suppose a number of bodies to be in motion on a 
surface, plane or curved, and conceive tbe surface to 
be at tbe same time moving parallel to itself; then, 
according to this law, the motions of the bodies on 
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the surface, or their relative motions, will not be 
aflected by the motion which they have in common 
with the surface, but will take place in the same 
manner as if the eurface were at rest. The surface 
having been introduced merely to render the dia- 
tinction between the relative motions of the bodies 
and their common motion more obvious, it may now 
be withdrawn, if in its place we give to each of the 
bodies a motion identical with the common motion. 
We shall thus have a system of bodies moving in 
space in the manner supposed in the enunciation. 

A case less general than the preceding, but one to 
which it will be necessary frequently to refer, is that 
in which we suppose a point to be moving on a 
straight line, and the line to be carried at the same 
time with a uniform rectilinear motion parallel to 
itself; the motion of the point, according to this law, 
taking place as it would were the line at rest. 

An apt illustration of this law is furnished by a 
vessel sailing in a given direction, in which the mo- 
tions of bodies relative to the parts of the vessel 
take place in precisely the same manner as if the 
vessel were at rest, though, in addition to their relti- 
tive motions, the bodies all have the same motion 
as the vessel. Since the vessel may obviously be 
regarded merely as the means of communicating 
motion to the bodies, we may suppose it to be with- 
drawn, if at the same time we suppose the bodies to 
retain their common motion. 
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INTRODUCTIOIT. 13 

m. The law of ike egtialUr/ of action and reaction. 

To every action, t/iere is always opposed an equal reac- 
tion. 

According to this law, when a body rests upon an 
immovable plane, the pressure of the body upon the 
plane causes in the plane a reaction, in virtue of 
which the plane may be said to press upwards with 
the same force that the body presses downwards. 
In like manner, when a body falls upon an immov- 
able plane, the plane reacts with a force equal and 
opposite to that with which it is struck by the body. 

Also, when two bodies, moving in the same line, 
come in collision, the effects upon the bodies, pro- 
perly estimated,* are equal, and take place in opposite 
directions. 

•The method of eatlmating the effecia will he esplaincd in a subse- 
quent Bitiofe. 
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STATICS. 



8. By the terra material poinl, or particle, is meant t 
emallest conceivable portion of matter. In inecl 
nics, any one material point ia conceived to 
exactly similar to every other material point, 
body may be regarded ae a collection of mater 
points, 

In a force, three things are to be considered : 
point of application, its direction, and its intensity. 

The point of application of a force is the mater 
point on which it immediately acts. 

The direction of a force ia the direction in whi 
it tends to move its point of application. 

The intensity of a force is its capacity of prodi 
ing motion. 

In considering the effects of forces, we first su 
pose the body upon which the forces act to 
reduced to a single material point. This point ^ 
regard as entirely passive, and subject only to ti 
action of the forces under consideration. 

Two forces are regarded as equal in intensit 
when, acting separately upon two material poiD 



they cause the points to describe equal spaces in 
equal times. 

Two equal forces applied to the same point, and 
acting in the same direction, constitute a double 
force ; three equal forces, a triple force; four a qua- 
druple force, and so on. Taking one of the equal 
forces for the unit of intensity, and representing it 
by 1 or by p, the intensities of the double, triple, 
quadruple, etc. forces, will be represented by 2, 3, 4, 
etc., or 2jo, 3p, 4jd, etc. The intensities of forces may 
thus be represented by numbers or algebraic sym- 
bols, and may be made the subject of arithmetical 
and algebraic operations. 

I The intensities of forces may also be represented 
by straight lines ; a given straight line being assumed 
to represent the unit of intensity, and a double, triple, 

I quadruple, etc. force being represented by a line of 
double, triple, quadruple, etc. the length of the as- 

I sumed line. 

According to the second law of motion, double, 
triple, quadruple, etc. forces cause the material 

I points to which they are applied to describe, in a 

I given time, spaces double, triple, quadruple, etc. the 

I space due to the unit of intensity. The spaces de- 
scribed by the material points are thus directly pro- 

' portioual to the intensities of the forces; and conse- 
quently the same lines which represent the intensi- 
ties of the forces may also be employed to represent ^™ 
the spaces described by the material points to which ^^H 
the forces are applied. ^^H 
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If, for example, the lines AB, AC, AD [Fig. : 
represent the intensities P, Q and R of three fore 
referred to a common unit, they may also be i 
ployed to represent the spaces which these foK 
severally would cause a material point to describe 
in a given time. 

The converse also is obviously true, viz, that if 
AB, AC and AD represent the spaces which three 
forces, whose iuteneities are P, Q and R, would 
severally cause a material point to describe in a 
given time, the same lines may also be employed to 
represent the intensities P, Q and R respectively. 

9. Conceive now a material point to be moving 
uniformly on the straight line A'B' [Fig. 1], and sup- 
pose the line to be at the same time moving parallel 
to itself with a uniform rectilinear motion ; then by 
the second law of motion, the motion of the point on 
the line will be entirely unaffected by the motion 
which it has in common with the line : and hence if 
we represent the motions of the point and line dur- 
ing any time t by AB and AC respectively, at the 
end of that time the point will evidently be at D, 
having described the diagonal AD of the parallelo- 
gram constructed on AB and AC. But if we abstract 
the line A'B', and the motion which the point has in 
common with it, and suppose the point to be moving 
alone in space in the direction A'B', at the same rate 
as before, and to receive when it arrives at A an im- 
pulse, such as would cause it, were it at rest, to de- 
scribe the line AC in the time t, the final result will 



evidently be unaffected ; and in virtue of the two 
motions, the point, at the end of the time t, will still 
be found at D. Again, if, instead of supposing the 
point to be in motion when it receives the impulse 
in the direction AC, we suppose it to be at rest at A, 
and to receive at the same instant another impulse, 
such, as acting alone, would cause it to describe in 
the time t the line AB, it is still obvious that in vir- 
tue of the two impidses the point will, as before, 
describe with a uniform motion the diagoual of the 
parallelogram ABDC, and at the end of the time t 
be found at D. 

Let now the intensities of the forces to which the 
motions AB and AC are due, be represented by P 
and Q; and as the motion from A to D may also be 
attributed to a single force, let the intensity of that 
force he denoted by R: then the forces P, Q and R* 
may be represented by the lines AB, AC and AD ; 
and instead of saying the forces P, Q and R, we may 
say the forces AB, AC and AD. R, or AD, is called 
the resultant of P and Q, or of AB and AC ; and P 
and Q, or AB and AC, are called the components of R, 
or AD. The characteristic property of the resultant 
is that it may he substituted for the components. 
Thus the effect upon the point A is precisely the 
same whether the components P and Q act upon it 
in the directions AB and AC, or the resultant R acts 
upon it in the direction AD. 

■Hereafter, for tlie sake of breyity, we ahall eaj siniplj the force P, 
the force Q, etc., instead of the force Tvhoae iuteosity is P, Q, etc. 
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KECHANIC8. 

The result nt wliich we have arrived, may n 
thus enunciated : 

The rcsiilfatii of tm forces applied io a material point, 
and rrprescnfed by lines measured from this point on their 
directions, is rcprescided in magnUnde and direction by the 
diagonal of the parallelogram constnicted on these lines. 

This proposition is called the parallelogram of forces. 

The forcea P and Q may evidently be supposed 
to be either finite, or infinitely small. 

If A be a fixed point, P and Q will exert upon it 
a pressure of longer or shorter duration, the measure 
of which is evidently P.* 

10. In figure 2, in which AI is taken equal to AB 
or P. as the angle BAC diminishes, ID tends con- 
stantly to become equal to BD or Q, and hence E 
to become equal to P + Q- 

In figure 3, in which AI is taken equal to AD or 
P, as the angle BAC increases to 180°, BI tenda 
constantly to become equal to BD or Q, and P to 
becgpie equal to P — Q. 

Hence, when the forcea P and Q act in the same 
straight line, it may be inferred from the above pro- 
position that the resultant is equal to their sum or 
difference, according as they act in the same or oppo- 
site directions. This result may also be deduced 
immediately from the second law of motion. 



•WTien P and Q are forces of the kind commonly called impuUive, 
such, for example, as that exerted Id driving a nail irith a hammer, the 
duration of the prosHure is very brief, though finite : when they are of 
the Hame nature an grarity, the pressure is continuous. 



When the forces act in opposite directions, we hnvc 

S = P— Q. 

But P may be considered as the resultant of two 
forces P' and p, both acting in the same direction as 
P; and p as tbe resultant of two others P" and p', 
both acting in the same direction as p, and so on. 
The same is also true of Q ; hence we have 

^ = i* +P" 4- ■?*" + etc. — Q' — Q"— e"'~etc [1] 

When the forces P', P", etc., Q', Q", etc, are in equi- 
librium, we have R ~ 0', and hence 

i* + P" + p-" + etc. - Q* + Q" + Q'" + etc. 

is the equation which expresses the condition of 
equilibrium of any number of forces which act in 
the same straight line. 
• 11. Resuming the consideration of the parallelo- 
gram of forces : Since {Fig. 4] BD is equal to AC, we 
have the three forces P, Q and It represented by the 
sides of the triangle ABD. Moreover we perceive 
that the angle at B is the supplement of the angle 
BAC formed by the directions of the components P 
and Q, and that the angle ADB is equal to the angle 
DAC which the direction of Q makes with that of R. 
Hence of tbe three forces P, Q and R, and the angles 
comprehended between their direction.s, any three 
being given, one of the three at least being a force, 
the remaining three can be determined by solving 
the triangle ABD. 







Thus denoting the aiiffles which the directions 
P ftiid Q make with the directlou of Ji, by b and e, 
and the angle which they make with each other by 
o; if P, Q and a are given, and M and b are required^, 
to determine the latter, we have 

R' ^ P" -\- Q" — 2PQ . cos B 

= P^ + Q2 +2PQ.eos«, 

and a : Q :: s\na : sini. 

12. When three forces P, Q and R' [Fig. 4], are 
in equilibrium about a point A, any one of them, as 
M', must evidently be equal and directly opposite to 
the resultant of the other two. But employing the 
same notation as in the preceding articles, and denot- 
ing the supplements of J and c by h' and c', we have 
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and 
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and hence, since R = R', 

It' : r : Q :: sina : sine' : 
That is, Tvhm three forces are in eqtiiUhntim about the at 
point, each of them may be represented by the sine of the 
angle comprehended betiveen the directions of the other two. 

13. Any number of given forces P,P',P", F'", etc., 
applied at a point, and situated in the same or in 
different planes, may, by means of the parallelogram 
of forces, be reduced to a single force. We first de- 
termine the resultant R of any two of them, as P and 
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I*'; then the resultant R', of i? and any one of the 
remaining forces, as P" ; and so on till all the given 
forces have been compounded : the last resultant 
will be the resultant of th • ys^em. 

Figure 5 presents a case in which four forces P, P', 
P", P'", are reduced to a single force R". An inspec- 
tion of the figure shows that the resultant may be 
determined by the following construction : Ifce lines 
AB, AB', AB", AB'", representing the four forces : 
through the point B, draw BC equal and parallel to 
AB' ; through C, draw CD equal and parallel to AB"; 
and through D draw DE equal and parallel to AB'": 
the straight line joining the points E and A is the 
resultant required. This method of finding the re- 
sultant is applicable to any number of forces. 

We have just seen that any number of forces 
applied at a point may be reduced to a single force, 
or rcsvMant. The converse also is evidently true, viz. 
that a single force applied at a point may be resolved 
into any number of forces, or components, all acting 
upon the same point, and producing the same effect 
as the single force. 



14. Metoods of determining the position of a polnt. 

A convenient and elegant method of treating the 

subject of forces, consists in decomposing (he forces 

I into separate systems, parallel to certain assumed 



Z'Z MECHANICS. 

Btraight lines. The application of this method i 
quires a knowledge of the firat principles of analjt 
geometry, of which we shall here give a brief exp 
eitioD. 

5 1. Method of deicrmimng the posifi'on of a point on 
line. 

The position of a point on a given straight lii 
XX' [Fi(g- ti], is evidently determined when we kno 
its distance from an assumed point of the line, ar 
the direction in which the distance is to be laid c 
from the assumed poinl, The method of indicatii 
tbe direction is conventional, and consists in aifectit 
the distance with the sign plus or minus, accordii 
as the point is situated to the right or left of ' 
Thus, employing the letter z, as the general symb 
denoting the distance, the equation 

determines a point M, situated at the rigbt of 0, i 
a distance from it equal to a linear units ; and tl 
equation 



determines a point M', situated at the same distam 
from 0, in the opposite direction. 

§ 2. Method of determining the position of a point on 
plane. 

The position of a point on a plane is determint 
when we know its distances, affected with the 
proper signs, from two straight lines drawn in tl 
plane at right angles to each other. 



Let XX', YT' [Fig. 7] represent these lines, form- 
II ing by their intersection the four right angles XOY, 
TOX', X'OY', Y'OX. Consider the point M situated 
in the angle XOY, and draw through it the straight 
lines MP, MQ, parallel respectively to the lines YY', 
XX', and intersecting them in the points P and Q. 
Then it is evident that when P and Q are given, the 
point M can be determined by drawing through 
them the straight lines MP, MQ, parallel to YY', XX', 
respectively ; it being at the intersection of these 
lines. But P and Q are given when the distances 
OP and OQ, or MQ and MP, are given : thus the 
point'M is determined by its distances from the lines 
XX', YY'. 

The line OP or MQ is called the abscissa, and OQ 
or MP ihe ordinate, of the point M. The abscissa and 
ordinate, taken together, are called ihe co-ordinates of 
M. The line XX' is called the axis of abscissas, and 
YY' the ffdrjs of ordimies, and together they are called 
the axes of co-orditiates. The point O in which the 
axes intersect, is called the origin of co-ordinates. The 
general symbols, commonly employed to denote the 
abscissas and ordinate.*, are x and ^; and hence the 
axis XX' is frequently called the axis of x, and YY' 
the axis of t/. The axis XX' is usually supposed to 
be horizontal. 

The quantities x and y are supposed to be capable 
of assuming all possible values, both positive and 
negative ; and according to the method of the pre- 
ceding section [§ 1], the positive values of z are laid 
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off on XX' from to the right, the negative valua 
from to the left; the positive values ol' y are Iw 
off on YY' from upwards, the negative values fro] 
downwards. Thus, denoting the values of a^ audi 
in any particular case, by a and b, 
when X = + a and y = + 6, the point ia in the Ist angle ] 
" a: = — a and y = + fi, ■• " 2d ■' 

" a: = — a and jr = — b, " " 3d " 

•■ a: = + a and y = — 6, " " 4tli " 

When a; = + o anil y = 0. the point is on the axis of 

" X = andy = + i, 

'• X = and y — 0, the point is at the origin. 

§ 3. Method of determining the position of a point i 
epace. 

The position of a point in space is determine 
■when we know its distances, affected with their pii 
per signs, fi'om three planes drawn through an i 
aumed point at right angles to each other. 

Let XOY, XOZ, YOZ [Fig. 8] be the three fixeS 
planes inter:^ecting each other, when sufficiently pre 
duced, in the lines XX', YY', ZZ', and determining \ 
their intersection eight trihedral angles. Consid 
the point M situated in the angle - XYZ, 
draw through it three planes parallel to the fixi 
planes, viz : 

MM'QJI'" parallel to the plane XOZ. and cutting the line YY' i 
MM'PM" parallel to the plane YOZ, and cutting the line XX' inl 
and MM"RM"' parallel to the plane XOY, and cutting the lino 2 

inR. 
Then it is evident that the point M can be detei 
mined, when the points Q, P and R are known ; i 



drawing through these points three planes parallel 
respectively to the fixed planee, they will intersect 
each other at the point M. But the points P. Q and 
R are known when the distances OP, OQ and OR, or 
the equal lines MM'", MM", MM', are given : thns 
the point M is determined in position by its distances 
from the three fixed planes. 

The distances OP, OQ and OR are called ihe eo-or- 
dinaics of the point M ; the lines XX', YT', ZZ', are 
called Ihe axes of co-ordinates ; and the planes XOT, 
XOZ, YOZ, are called the co-ord'male planes. The point 
O is called the origin. The co-ordinates OP, OQ and 
OR are denoted by the general symbols x, y and s 
respectively; and hence the fixed planes are deno- 
minated the planes of xij^ xz and ys respectively. 
The plane ofay ia generally supposed to be horizon- 
tal. The positive values of x, y and z are laid off) 
according to the conventional method, on the several 
axes from towards the points X, Y and Z respec- 
tively, and the negative values from in the opposite 
directions. 

The signs of the co-ordinates of a point determine 
in which of the eight angles the point is situated. 
Thus, denoting the numerical values of x, y and z in 
a particular case, by a, h and c : 
Tben X =: a, y = b, and : = c, tbe point is situaled Id Uie angle 

0-XYZ; 
when X -^ — a, y ^ — h, aod z =: — c, it is Gitiiated in llie an^o 

0-ST'Z'. 

Wliea one of the co-ordinates i^ zero, the point is 

4 



situated in the plane of the other two co-ordinates; 
thua when x = a, y = i, and z = {), the point is in the j 
plane ofay. When two of the co-ordinates are each I 
equal to zero, the point is on the axis of the third J 
co-ordinate ; thns when a; = o, y = 0, and 2 = 0, it is ■ 
on the axis of a-. Whena;=0, y = 0, and s = 0, theJ 
point is at the origin. 



I 

^H Op foeces situated m the same plane, akd APrtiED at | 

^H TnE SAJfE POINT. 

^H 15. Let [Fig. 9] be the point of application of | 
^V the forces j and through it, in the plane of the forcef^ 
let the co-ordinate axes XX', YY' be drawn. 

The direction of a force P is determined by the 
angles which it makes with OX and OY, the parts 
of the axes on which the positive co-ordinates are 
laid off, the angles being reckoned on both sides of 1 
these lines from to 180°. Thus, considering the ' 
four distinct cases which can occur, as represented 1 
in figures 9, 10, 11, 12: 
When the direction of the force is situated in the angle XOY, its poat- 

tion 13 determined by tbe angles XOM, YOM; 
when in the angle YOX', it is determined hy the angles XOM', YOM' ; 
when in the angle X'OY', it is determined hy the angles XOM", 



YOM"; 
when in tho angle XOY', it i 



determined by the angles XOM'", 
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Let now the force i*, in the several casee, be repre- 
sented by tbe equal lines OM, OM', OM", OM'" ; and 
let it be decomposed into the components OB or 
OB', OC or OC, coincident respectively with the two 
axes. Then we perceive that the components coin- 
cident with XX' act, when the force is situated in 
tbe 1st or 4th angle, from to the right; when in 
the 2d or 3d angle, from O to the left : also that the 
components coincident with YY' act, when the force 
is situated in the 1st or 2d angle, from O upwards ; 
when in the 3d or 4th, from downwards. 

AVhen, therefore, two or more forces, acting upon 
the point 0, are decomposed in directions coincident 
with the axes, there may be two sets of components 
in the direction of each axis, the components of one 
set acting in one direction, those of the other in the 
direction opposite. Considering the components 
■which act in the line XX' : if we affect those acting 
in opposite directions with opposite signs, as, for 
example, those which act from to the right, with 
the sign plus +, and those which act from to the 
left with the sign minus — ; then the resultant will 
evidently be equal to the algebraic sum of the com- 
ponents. The same is true of the components which 
act in the line YY', 

But the values of the components determined by 
the usual method, will necessarily be aftected with 
the proper signs. Thu.s, denoting generally the 
angles which the direction of F makes with OX and 
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OY by a and /3, when the force is situated in the 
first angle, we have 

OB = i'cosBOM = + Pcosa, 
OC = PcoaCOM = + Pco8^: 

when it is situated in the second angle, we have 

OB' = P 008 BOM' = ~ P cos a. 
OC =PcoaCOM' = +Pcoa/3; 

when in the third, we have 

OB' = P cos BOM' 

OC =P cos COM' 
when in the fourth, 

OB = P COB BOM" 

OC = PcoaCOM' 

Now let there be any number of forces P, P', 
etc. [Fig. 13], acting upon the point O, in the direc- 
tions OM, OM', OM", etc. ; and let the angles which 
their directions make with the axes be denoted by 
B, a.', a", etc., f3. /3', P", etc. ; then if we denote the 
algebraic sum of the components which act in XX' 
by -X, and that of the components which act in YY' 
by Y, we shall have 

X=PcoBa + P-cosa' + P'cosa" + etc., [8] 

T=PcQi(3 + Pcos^' + P"co3^" + ete [4] 

These equations are general. In a given case, the 
values of the angles will determine the algebraic 
signs of the terms of the second members. A com- 
mon method of denoting the algebraic sum of 



' = PCOSB, 

' = ^Peo8;S 



: + P cos a, 
= — P COB /3. 
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series of terms, all of which are of the same form, is 
to write only a single term preceded by the Greek 
letter z. Applying this method to the above equa- 
tion, we have 

r=2(PMS|S). 

We have now reduced the forces P, P", P", etc. to 
the two forces X and Y, acting at right angles to 
each other; and if we represent X by OE [Fig. 13], 
and Y by OF, the resultant R of these two forces will 
be represented by the diagonal OG of the rectangle 
OEGF. This resultant will be the resultant of the 
system P, P', P", etc., and will be determined in 
intensity by the equation 

R= VX^ + r^~ [5] 

To find the angles a and b which the direction of 
Ji makes with the axes, we have 



coaa = -g, cosi = -^ [6] 

The quantities R, a and l>, are thus completely deter- 
mined. 

16, Cotidilions of eguilihmm. 

In order that P, P', P", etc. may be in equilibrium 
about the point 0, their resultant must evidently 
be equal to zero; a condition which gives 

X2 + ^ = 0. 
But as the square of a quantity is essentially posi- 
tive, this equation can be satisfied only by makii 
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X and Y separately equal to zero; thus the 
tions of equilibrium are expressed by the equatioj 

x = (i, r=o. 



Of forces applied at tri; s^lme pomr, .uo) situated i 

DIFFERENT PLANES. 

17- Let the three forces A', Y,Z,\)e applied at the 
point [Fig. 14], and be represented iu intensity 
and direction by the lines OS, OS', OS". On these 
lines as adjacent edges, construct tlie parallelopiped 
RS. Then it is evident that ON the diagonal of the 
base OSNS' is the resultant of OS and OS', that is, of 
X and Y; and that ON' the diagonal of the parallelo- 
piped is the resultant of ON and OS", that is, o£ X, 
Zand Z. Thus the resultant of the forces X, Y and 
Z, represented by the lines OS, OS', and OS", is the 
diagonal of the parallelopiped constructed on these 
lines. If the directions of the three forces intersect 
each other at right angles, the parallelopiped will be 
rectangular; and denoting the resultant ON' by ^, 
we shall have 



B = ^x^ + r' + 2^. 

The direction of a force P situated in space, and 

applied at the point O [Fig. 15], is determined by 

the angles which it raalves with the lines OX, OY, 

OZ, the parts of the co-ordinate axes drawn through 
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0, on which the positive co-ordinates are laid off, the 
angles being reckoned from to 180°. Thus if/* is 
situated in the angle 0-XYZ, its direction OM is 
determined by the angles XOM, YOM, ZOM, each 
angle being less than 90°; if it is situated in the 
angle O-XYZ', its direction OM, is determined by 
the angles XOM,, YOM,, ZOM,, the first two being 
each less than 90°, the third greater than 90°.* 

If the intensity of P be represented by OM, its 
three rectangular components in the directions of 
the axes will evidently be OP, OQ and OE; and if 
the angles which it makes with the axes be denoted 
by a, ,3 and y respectively, we shall have 

OP = OM . cosMOP = P COB a, 
OQ = OM . cos MOQ = P COS /3, 
OR = OM . cosMOR = Pcosy. 
Now let the forces P, P', P", etc. be applied at the 
point 0, and let the angles which their directions 
make with the co-ordinate axes be denoted by «, 0, 
a' /3' / ; n", /3", y", etc. : then the components coin- 
cident with XX' will be 

P cos tt, P' cos a', P" COS a", etc. ; 

those coincident with YY' will be 

P COS j8, P' 008 /S', P" cos ;8", etc. ; 

"The angles which the direction of P makee with the aiea OX, Y, 
fix its poaition on two conic surfaces, of which is the common ver1«x, 
luid OX and OY the axes : these surfaces intersect each other in two 
Btraight lines, and the third angle determines which of the two lines 
is the direction sought. Thus a certain relation exists between the 
three angles. In accordance with our plan, this, like many other parts 
of the general subject, is left to bo developed either hy the pupil or bis 



d 



and those coincident with ZZ' will be 

P coiy, I" COS y', P" coey", etc. ; 

and if the algebraic sums of the components in the 
several directions be denoted by -X, Y and Z respec- 
tively, we shall have 

J = i'coB a + P' COS a' + F" cobix" + etc. = 2(P cgs a), ^ 
r=Pcos)3 + P'coBS' + P"coB,3" + «te.=2H/'cM;3). C .. [7] 
Z= Pcoay + P' cosy' + P" cosy" + etc. = 2{P cosy). ) 

If we denote by R the resultant of X, Y, Z, that 
is, of P, P', P'\ etc., we shall have 



R = -JX* + r' + Z^; 
and if we denote the angles which the direction of 
R makes with the three axes by a, b and c reapec- 
tively, we shall have 

r 



■ H' 



eosfi = -^, .osc=^ [8] 

and thus the resultant will be completely deter- 
mined.* 

18. Conditions of equilibrium. 

In order that the forces may be in equilibrium, 
must be equal to zero ; a condition which gives 

and hence 

x=Q, r^o. z=o. 

If the point O is not entirely free, but subject to 
the condition of remaining on a given surface, it is 

•The nnderBtanding nf this artiule niaj Ijc greatly facilitated by a 
model of the co-ordinate pianos, which the student himself can eaaily 
conetruot of pieces of pasteboard. 
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not essential to au equilibrium that tlie resultant 
should be equal to zero: it la only necessary that it 
should act towards the surface, and at right angles 
to it. The resistance of the surface is equal and 
directly opposite to M. 

19. As yet we have coustaully supposed the forces 
under consideration to be applied at the same point. 
We shall now suppose them applied at different 
points; the points being conceived to be eo con- 
nected, that their positions with respect to each 
other are invariable. The lines of direction of the 
forces may be parallel to each othef, or oblique. 
We shall first consider the case in which they are 
parallel. 



OF PARALLEL FORCES. 

20. Let F and Q be any two parallel forces,, applied 
at the extremities A artd B [Fig. 16] of an inflexible 
straight line AB, and acting in the same sense* in 
the lines AV and BS, and let their intensities be 
represented by the lines AU and BT. 

•When the lines of direction of forces are parallel, we use the word 
tense to indicate the relations of the directions ; thus when two parallel 
forces act towards the same parts of space, both to the right or both to 
the left, for example, we aay they act in the same sense ; when they 
act towards opposite parts of space, we say they act in opposite senses. 
When we speak of the directions of parallel forcps, we mean their lines 
of direction, 
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Without affecting the action of these forces, t 
may apply at A and B in AB produced, two equ 
and opposite forces AM and BN. The resultant 
AB and BI of the four forces AM, AU, BN, B% 
may then be transferred along their lines of directiof 
(produced backwards) to C their point of meetina 
and there be resolved into the four forces CG, C^ 
CH, CK, equal and parallel respectively to the foai 
forces applied at A and B ; but CH and CG beit 
equal, and acting in the same line and in opposite 
directions, destroy each other : hence the reaultali 
of the system is CL + CK, or P + Q, acting in tlsf 
same sense as the given forces, and in the line < 
parallel to their lines of direction. 

The resultant may evidently be supposed to I 
applied at 0, where its direction intersects the liilj 
AB. To determine this point, we have from 
similar triangles AUD, COA, BTI, COB, 

AU : UD : : CO : OA, 



BT 



TI 



CO 



OB; 



OA. 



or U» X CO ^ ATT X OA, 

L TI X CO = BT X OB ; 

^^L and hence F x OA = Q x OB, 

^^ or 

V That is, 0, the paint of application of the resuUaiii, a 

I the line AB into patis reciprocally proportional to ihe inten- 

W sities of the component forces. 

I The a;bove proportion, it will be perceived, is inde- 

I pendent of the angle which the directions of t he 



I of t he 
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forces make witli AB, and is true for any straight 
line drawn through and terminated by their direc- 
tions. 

Resuming the proportion, 

P : Q :: OB : OA, 
we get by composition, 

P : P+ Q :: OB : OB + OA. 
or, denoting P + Q hy R, 

P : ^ : : OE : AB. 
In like manner we get 

(? : i? : : OA : AB ; 

and hence we have 

P : Q : A' : : OB : OA : AB. 

If the force P be represented by OB, the forces Q, 
and R wilt be represented by OA and AB respec- 
tively. 

Thus each of the three forces may he represented hy 
ike pari of AB intercepted by the direciions of the other hoc. 

The decomposition of a single force into two pa- 
rallel forces, which shall act in the same sense and 
satisfy certain conditions, is a very simple applica- 
tion of the foregoing results. Thus, suppose it be 
required to resolve the given force R into two par 
rallel forces P and Q, one of which [P) is also given. 
Here, assuming the points A, B and [Fig. 17], as 
the points of application of the forces P, Q and R 
respectively, the given quantities are R, P and OA; 
and the required quantities, Q and OB. To find Q, 
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we have B — F + Q; from which, Q = 
to find OB we have 



21. We shall now consider the case in which thi 
forces P and Q, applied aa before at the extremities 
of the line AB [Fig. 18], act in oppoBite senses. 

The force Q may be either greater or less than P ; 
if Q is greater than P, let it be resolved into the 
two forces P' and R, both acting in the same sense 
as Q; the first equal to P, and applied at A in the 
direction of P produced. We have, to determine 
the intensity of li, 

Q = P' + R; 
from which, 

-fl= Q — P- = Q—P, 

and to determine its point of application, we hay* 

R -. P =P : : AB : OB ; 

from which, 



lihnploying now in place of Q, its two components 
P' ~ 1' and Ji, the two given forces P and Q may 
be replaced by the three P, P' and i?; of these, P 
and «f" destroying each other, there remains only 
the force R as the equivalent of the given forces : 
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hence R = {Q—P) applied at the point 0, and act- 
ing in the same sense as Q, is the resultant sought. 

In like manner, it may be shown that if P is 
greater than Q, the resultant S' is equal to P — Q, 
acting in the same sense as P, and applied at 0' a 
point situated to the left of A. 

Thus when the given forces act in opposite senses, 
their resultant is situated wiikoid the directions of the 
forces (not between them, as in the preceding case), 
and on the side of the grecUer force, and it ads in the same 
sense as the greater. 

In this, as in the preceding case, it is evidently 
true that 



OB 



OA 



AB. 



22. If in the value of OB [Fig. 18], derived from 
the proportion 

P : fi : : OB : AB, 

we substitute for R its value [Q — P), we get 



From this equation, it appears that as the difference 
between Q, and P diminishes, the resultant, con- 
stantly diminishing, is applied at a point more and 
more distant from B, till when Q = P its intensity 
is reduced to zero, and the distance of the point of 
application becomes intinite. In this case, there- 
fore, there is really no resultant. Such a system, 
consisting of two equal and parallel forces acting in 




opposite senses, but not in the same sti-aight line, is 
called a couple. 

23. 0/ any number of parallel forces applied at points 
having any posUion toliatever. 

Let P, P', P", etc. denote the forces, and let their 
points of application be A, B, C, etc. [Fig. 19] ; the 
points being so connected by the inflexible straight 
lines AB, BC, etc. as constantly to retain the same 
relative positions. Keqiiired the intensity of the re- 
sultant, and its poiut of application. 

We first compound any two of the forces, as P 
and P', a,nd find the point M at which their resultant 
P + jP' is applied, by the proportion 

AB : AM : : P + P' : I". 

We next compound the resultant P + P' with any 
one of the remaining forces, as P" ; and find the 
point N at which their resultant P + P' + P" ia 
applied, by the proportion ^H 

MC : MN : : P + P- + P" : P". ^| 

Proceeding in this manner, constantly compounding 
the last resultant with one of the remaining forces, 
we finally arrive at K the point of application of the 
resultant ^ = P + P' + P" + etc. of the whole sys- 
tem. The resultant evidently acts in the same 
sense as the components, and parallel to their com- 
mon line of direction. 

24. In the case just considered, we have supposed 
all the forces to act in the same sense. When some 
of them act in one sense, and some in the opposite 



J 



sense, a circumstance indicaied hy difference of sign, we 
find by the preceding method the resultants R\ and 
R" of the two systems, and their points of application 
K' and K" separately ; and then reduce these resul- 
tants to a single force R, and find its point of appli- 
cation K by the ordinary rules. When the two 
resultants are equal, but not directly opposite, the 
case is that of Art. 22. 

25. In determining the point of application of the 
resultant of the system, we employ only the intensi- 
ties of the forces, and the mutual distances of their 
points of application ; quantities which are not af- 
fected by giving to the directions of the forces a 
common motion about these points. Hence, what- 
ever change we make in the common direction of a 
system of parallel forces, applied at points of which 
the relative positions are invariable, by revolving 
the directions of the forces about their points of 
application by a common motion, the point of appli- 
cation of the resultant of the system remains the 
same. The point of application of the resultant of 
a system of parallel forces is called the centre of 
parallel forces. 

If the centre of parallel forces in any system is a 
fixed point, the system is evidently in equilibrium 
in all positions about tlmt point. 

26. Let US now suppose the points of application 
- of the forces to be referred to three co-ordinate 

planes, and let us seek the position of the point of 
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application of the resultant, or the centre of parallel 
forces, with reaped to these planes. 

Let a:,!/, z, be the co-ordinates of the point A 

z\ y\ 2*, " " " B 

a", f, z", « « " C 

etc. ; 

and X,, y,, z,, the co-ordinates of the centre of pai 

force: 

Let E [Fig. 20] be tlie point of application of the 
resultant of P and P' ; draw AI, EK and BL perpen- 
dicular to the plane XOY ; join the points I and 
and draw BG parallel to IL. We have [Art. 20] 

P-\-P : P : : AB : EB. 
But the similar triangles AGB, EHB give 

AB : EB : : AG : EH ; 
hence P + P' : P -. -. AO : EH. 
and {P + P) EH = P X AG. 

Adding to each member of this equation the prodi 
{P + F) HK, we , 

(P + P') (HK + EH) ^ (P + P') SK + P X AG 
= P (HK + AG) + P' : 
or (P + P') EK = P X AI + P' X BL; 

and denoting the ordinate EK by Z, we have 

(P+ P') Z ^ Fz + F'z-. 

Compounding the resultant P + P' applied at, 

with the third force P", and denoting the co-oi 



iiate of the point of application of their resultant by 
Z, we get 

(iJ + /" + /"') Z' = {P -^ P-) Z -V P'V ; 

and substituting for {7* + P') Z its value Pz + P'z\ 
we have 

{P -hr P' -V P"') Z' = P^ + Pz- + P'z". 

Proceetliug In the i-tvmn manner with the remain- 
ing forces, and denoting as before tlio resultant of 
the system by R, we finally arrive at the equation 



= Pa -^ Pz" + P'z" + P"': 



• + etc. 



•[9] 



The first member of this equation is the product 
of the resultant by the perpendicular let fall from 
its point of application, upon the plane XOT; and 
the second member is the sum of the products ob- 
tained by multiplying each of the given forces by 
the perpendicular let fall from its point of applica- 
tion, upon the same plane. These products are 
called thi momerds of the forces with respect to the 
plane XOY ; thus Rs, Pz, are called the moments of R 
and P respectively referred to this plane. The 
result contained in this equation may then be thus 
enunciated : The moment of the resultant of a system of 
parallel forces, with respect io <my phne whatevei; is equal 
to the sum of the moments of the forces tcitk respect to the 
same plane. 

Since the forces are affected with the positive or. 
negative sign, according to the sense in which they 
act, and the signs of the co-ordin&tes of the points of 



application are also positive or negative, 

to the poi^itions of the points, the signs of the 

moments, determined by the ordinary rules, may be 

either positive or negative. 

If the moments of the given forces be taken 

respect to the planes XOZ, YOZ, we shall get 

Ey, = Py-ir P'y' + ^ V + etc., [10] 

Jix,=Px + P-x' + P'x" + etc.; [11] 

and thus we ehall have, to determine the centre of 

parallel forces, 

Px + Px' + P"x- 



accordit^H 
•f the 
iay be 

1 wij^l 



Jt 
Fy + P'y' + P"y" + etc. 

R 

Px ■{■ P^ Jf P'<i" + etc. 
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27. If the moments he taken teiih respect to a plane which 
passes tlirotigh the centre of parallel forces, the sum of the 
momenis will, in that case, be equal to zero; for if we sup- 
pose the plane XOY to be that plane, we shall have 

and hence P' + P"^' + P'''" + eta. = 0. 

28. The points of appUcation in the same plane. 

It may happen that the points of application of 
the forces are all in the same plane ; when this is 
the case, the centre of parallel forces, if it exist, is 
also situated in this plane, and two co-ordinates are 
sufficient to determine its position. Thus if we 



suppose the plane XOY to coincide with this plane, 
we shall have 



and hence -, = 0; 

and the position of the point will be determined by 
the co-ordinates x, and y„ the values of which aee 
given by equations [10] and [11], 

28'. Tlie points of application in the same straigM line. 

If the points of application are all situated in the 
same straight line, the centre of parallel forces will 
also be found in this line, and its position will be 
determined by a single co-ordinate. Thus if we 
suppose the axis OX to coincide with this line, we 
shall have 

y = 0, y' = 0, y" = 0, etc. ; 
: = 0, 2' = 0, e" = 0, etc. J 

and hence y, = ^ and '', — <*,■ 

and the value of a:^, given by the equation 

Rx, = Fx -i- rx' + P"x" + etc., 
will determine the position of the centre of parall&l 
forces with respect to the point 0. 

29. Conditions of equilibrium. 

Let the plane XOY [Fig. 21] be taken perpendi- 
cular to the direction of the forces ; and let the forces 
be reduced, as in Art. 24, to the partial components 
M and jffi", applied at the points K' and K". The 
conditions of equilibrium will obviously be, 
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5 1. That R! and R" shall be equal to each othffl 
and act in opposite senses. 

J 2. That their lines of direction ahall coincide. 
The first condition is expressed by the equation 

R' = — R". [a] 

But supposing P, P', P", etc. to be the components 
of R, and P'", P", i", etc. to be those of R", wo have 

Ji" = P+ P + F" -{■ etc., 
and ^" = J^" + i"' + P' + etc. : ■ 

hence, by substitution, equation [a] becomes " 

P + r + P" + P" + P"+ P' + etc. ^ [12] 

To express the second condition algebraically, let 
the co-ordinates of K' and K", referred to the planes 
XOZ, YOZ, be denoted by av,,!/,, and x,i„y,„: then 
in order that the lines of direction of li' and R" mj 
coincide, we must evidently have 

Xi, =■ x,„ and y„ = y,,,. 
Multiplying these equations by equation [a], we gej 

R<x„ = — R'%, [b] 

R'y,.=-R"y„, [c] 

But by the principle of moments [Art. 26], we have 

R'x,, = Px + F'x' + P"x" + etc., 
R"x,„ = F"'x"' + P-V- + P'x-' + et 

-S'y,. - J'ff + P'V' + F"f + etc., 
B"y,„ = P"'V"' + P'Y" + P'S" + etc 
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Hence equations [b] and [c] become, by substitution, 
Px + P'x' + P"x" + P"'x"' + /""i"' + P^x' + etc. = 0. [13] 

py + F'v' + /^y + p-"y'" + -py + -Py -i- etc. = o. [i4] 

Thus when the system is in equilibrium, equations 
[12], [13] and [l;i] must be satisfied ; and conversely 
when these equations are satisfied, the system is in 
■ equilibrium. These equations express, 

§ 1. [Equa. 12] That the algebraic sum of the forces 
must be equal to zero. 

5 2. [Equa. 13 and 14] That the sum of the moments 
of the forces, taken loith respect to two planes at right angles 
to each other, and parallel to the common direction of the 
forces, must also he equal to zero. 

30, When the second of these conditions only is 
satisfied, that is, when equations [13] and [14] are 
satisfied, but not equation [12], the given forces will 
Iiave a resultant, the direction of which will coincide 
with the intersection of the two planes with respect 
to which the moments are talien; for since the sum 
of the moments of the forces is equal to zero with 
respect to each of the planes, the moments of the 
resultant with respect to these planes are also equal 
. to zerOj and hence the centre of parallel forces must 
be in each plane ; moreover the direction of the 
resultant is parallel to the planes ; consequently the 
direction of the resultant must coincide with the 
intersection of the planes. 

If there be a fixed point in the intersection of the 
planes, the resultant will be destroyed, and an equi- 




librium will exist. Hence u'hen parallel forces whia^ 
have a resuUant are applied to a system of nuHerial points 
rigidly connected, of tvhich one is fixed, there uill ie an 
eqviHbnimi, if the sum of ilie moments of the forces taken . 
■wUh respect to two planes drawn through the fixed } 
parallel to the direction of the forces, and at right angles ^3 
each other, is equal to zero. 

We shall next consider the subject o£ oblique forcei 
applied at different points. There are two casead 
1° When the forces act in the same plane; 
When they act in diflerent planes. 



Of oblique fokces applied at diffeeent points, 
acting in tee same plane. 
31, Let the intensities of the forces be denoted fa«( 
P, P', P", P'", etc. ; and let the plane which contain 
their directions be taken for the co-ordinate plaiti 
XOY [Fig. 22], Let the points A, B, C, D, etc., coi)( 
nected with each other in an invariable manner, 1 
the points of application of the forces as represented 
in the figure. The resultant of the eystem, when S 
exists, may be found in the following manner: Com^fl 
mencing with P and P', any two of the forces, pit 
duce their directions till they meet in G. Suppo« 
the two forces applied at this point ; and taking ( 
and G« to represent their intensities, construct thff 
parallelogram GmG'n: the diagonal GG' is theif 
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resultant. In like manner, compound the resultant 
GG' with P" any one of^he remaining forces, 
transferring their points of application to H their 
point of meeting, and thus determine their resul- 
tant IIH', Continue this process till all the forces 
have been compounded : the last resultant will be 
the resultant of the system. In the case of the 
given forces P, P', P", P'", the resultant is II'. 

If, in any part of the operation, we arrive at forces 
of which the directions are parallel, we apply to them 
the rules for parallel forces, 

If, in the final result, we find two equal forces act- 
ing in parallel lines and opposite senses, the system 
has no resultant [Art. 22]. 

The above method is equivalent to applying the 
given forces at the point I, in lines parallel to their 
original directions, and then reducing them to a 
single force. For the resultant II', applied at I, may 
be resolved into the two forces In" = P'" and Im" ; 
Im" may be resolved into Lt and Jv, equal and paral- 
- lel to the forces Hri' = P" and Hm' ; and so on till 
in place of 11' we have all the original forces applied 
at I, and acting in lines parallel to their primitive 
directions. 

32. The resultant of the forces P, P', P",P"', etc. 
may also be determined by the following method ; 
The co-ordinates of the points of application referred 
to the axes OX, OY being given, and also the angles 
which the directions of the forces make with the 
asea,Iet each force be resolved into two componentB 
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parnllel to OX iind OT respectively. The 
system of forces will |^is be resolved into two sys-^ 
terns of components, the one parallel to OX, the 
other parallel to OY. Let these components 
applied at the points where their directions inten 
the axes, and let the resultants X and J" of the t 
partial systems be determined in intensity and poiB 
tion by the rules for parallel forces [articles 24 i 
28] : the resultant of X and Y, or the resultant ( 
the whole system, may then be determined by thffl 
ordinary rule. 

Before vm proceed to determine the conditions c 
equilibrium, it is necessary to make known some < 
the properties of what are called moments ? 



33. Of moments re/erred to a point. 

Let P and P' be any two forces meeting in , 
[Pig. 23], and represented by AB and AC respei 
tively, and let their resultant AD he denoted by J 
In the plane of the forces, assume any point ; 
from it let fall upon the directions of P, P' and J 
the perpendiculars 01, 01', 01". Through the pointi 
A and 0, draw the straight line AO, and through J 
draw AQ at right angles to AO. Alt^o from 
points B, C and D, let fall upon AQ the perpendictt 
lars BD', CD", DD'" ; and through C draw CE paa-al 
lei to AQ. The similar triangles AOI, ABD' give 

AO : 01 : ; AB : AD' ; 

or, denoting AO and 01 by c and^ respectively, 




from which we get 



Pp 



In like manner, denoting by f' and r the perpen- 
diculars or and 01", and employing the correspond- 
ing triangles, we get 

But the equal triangles ABD', CDE, give 

AD' = CE = D"D"', 
and hence we have 

AD'" = AD" + D"D"' 
= AD" + AD'; 

and substituting in this equation the values of the 
several terms found above, we get 



Sr^Pp-ir P>'. . 



We have supposed the point O to be taken with- 
out the angle BAG, or the opposite vertical angle 
B'AC : when it is taken within either of these angles, 
BAG for example, as in figure 24, we have, as in the 
preceding case, 

AD' = CE = D"D"', 
and hence D'D"' = AD". 

Hence we have 
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and substituting aa above, we get 

Rr=xPp~ Pp' [lej 

The products Rr, Pp, etc. are called the momeitts of 
the forces li, P, etc. with respect to the assumed point 
; and the point itself is called the centre of moments. 
Thus the mommi of a force mih respect to a point, is the 
product of the force ly the perpendicular let fall from the 
point tipofi the direction of the force. Eraplojing these 
terms, the principle involved in equations [15] and 
[16] may be thus enunciated : 1 

The moment of the resjtltant of an>/ two forces is equal to 
the sum or diference of the movients of the forces, according 
as the centre of moments is taken loilhoui or tvithin the angle 
made hy tlie directions of the forces, or the opposite angle at 
the vertex made hy their directions produced. 

Another enunciation of this principle may be given 
by introducing the idea of motion. Thus, suppose 
the perpendiculars 01, 01', 01", to be inflexible lines, 
capable of motion in the plane of the forces, about 
the point regarded as a fixed point; then the 
forces P, P' and li, which we may imagine applied 
at the points 1, 1' and 1", will tend to give to the 
perpendiculars a motion of rotation about O; and 
we perceive that in figure 23, in which the centre of 
moments is without the angle BAG, or its opposite 
angle at the vertex, these forces will tend to turn 
their points of application in the same sense about 
O : while, on the contrary, in figure 24, in which the 
centre of moments is within one of these angles, the 
two components will tend to turn their points of 



application in opposite senses about 0, and the resul- 
tant will tend to turn its point of application in the 
same sense as the component which has the greater 
moment. We may therefore say that the moment of 
the resultant of any ttvo forces is equal to the sum or differ- 
ence of the moments of the foi'ces, according as the forces 
iend to turn their points of application in tlie same sense, or 
in opposite senses, about the fixed point assumed in their 
plane as the centre of moments, 

34. This principle can be shown to be true, what- 
ever the number of forces. Let us consider the case 
in which the centre of moments is so situated that 
the first three of the forces P, P', P", P'", etc. tend 
to turn the system in one sense, and the remaining 
forces in the opposite sense about that point. Let 
Q be the resultant of P and P', and Q' that of Q and 
P". Also let p,p\p", q and q' denote the perpendi- 
culars let fall from the centre of moments on the 
directions of P, P', P", Q and Q' respectively. Then, 
according to the principle just demonstrated, we 
shall have 

Qq = Pp + py, 

Q'^' = Qq+ P"p" ; 
and substituting in the second of these equations the 
value of ^5- derived from the first, we shall get 

QV =-Pp + P'P' + P"P"- 
Again, denoting by Q^ the resultant of the remaining 
forces P'", P", etc. ; by q> the perpendicular let fall 
from the centre of moments upon its direction ; and 
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by p'", -p", etc. the perpendiculars drawn from the 
same point to the directions of P"\ P", etc., we shall 
have 

Q,q, = P"p"' + P^-p" + etc. 
Let now the resultant of C and Q, (that is, the re- 
sultant of the given forces P, P', P", etc.) be denoted 
by R, and the perpendicular let fall from the centre 
of moments upon its direction by r. Moreover let 
it be recollected that Q' and Q, tend to turn their 
points of application in opposite directions. Then, 
according as Q'q' is greater or less than Q/j,, we shal 
have, since Mr must be positive, 

Rr = Q'q- — Q,q„ 
or Sr = Q,q, — Q-q'. 

In the first case, the force R will tend to turn thi 
system in the same sense as the force Q', and i 
quently in the same sense as the forces P, P' and 1 
Supposing this to be the case in question, and substi 
tuting for Q'q', Q.q„ the values found above, we get J 
Rr = Pp + F'p' + P"p" — P"'p"' — P'y — ete.. . , 

Thus, whatever the number of forces, the n 
of the reauUant is equal to the sum of the moments q 
forces which tend to turn the system in the same . sense a 
the resultant, mimts the sum of tJie moments of the force 
which tend to turn it in the opposite sense. 

35. If, in the plane of a system of forces such a 
we have been considering, there is a fixed point witK 
which the points of application are connected, a 
about which they may revolve in the plane of thfj 
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system, the forces will obTioualy be in equilibrium if 
their reaultant passes through this point. Suppose 
their resultant thus to pass, and take the fixed point 
for the centre of moments; then we shall have 



and hence ^r ~ 0, 

and equation [17] will become 

Pp + P'p' + P"p" + etc. = 0. 

Hence, in order to an equilibrium in this case, it is 
only necessary that the sum of the moments of the forces 
which tend to turn the system in one sense aiout the fixed 
pmrd, shmtld he equal to the sum of the moments of the forces 
which tend to turn the system in tJie opposite sense, the 
moments heinff taken with respect to the fxed point. 

36. If, in the case of a system of forces P, P', P", 
etc. in which there is a resultant, that is, in which R 
is not equal to zero, we have 

Pp 4- P'p' + P"p" + etc. = 0, 
then Rr = 0, 

and hence r = 0, 

and consequently the resultant passes through the 
point assumed as the centre of moments. 

37- Conditions of equilibrium. 

Let P, P' and P" be any three forces situated in 
the same plane, and applied at the points A, B and 
C, as represented in figure 25. It is essential to an 
equilibrium, that their directions should meet in the 
same point ; for in order that any two of them, as 
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P and P', may be in equilibrium with the third 
the latter must act in the same line with the resul- 
tant R of the' two former, and hence its direction 
must pasa through the point A at which the direc- 
tions of P and P' intersect. But P may be supposed 
to be the resultant of two other forces P'" and P", 
applied at the point E, as in the figure ; P", of two 
others P" and P"', and so on. Hence in order that 
any number of forces situated in the same plane, and 
applied at diiferent points, may be in equilibrium, 
they must be reducible to three forces which meet in 
the same point. To express this condition algebrai- 
cally, let the forces P, P' and P" be supposed to be 
applied at A [Fig. 26] their point of meeting, and let 
their intensities be represented by AB, AC and AD,, 
AD, being equal to AD or R the resultant of P and 
P'. Also from a point assumed in the plane of 
the forces, let the lines 01, 01', 01", be drawn per- 
pendicular to the directions of P, P' and P" or E. 
Kecurring to article 33, and employing the same 
notation as in that article, we perceive that the rela- 
tion between these forces aud perpendiculars is 
expressed by the equation 

or, substituting for Rr its equal P"p", by the eqi 
tion 

r"p" = Pp ^ P'p' ; 

the upper or lower sign of the second member being 
employed, according to the position of the point d 
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This equation expresses that the moment of the 
force which tends to turn the system in one sense 
about the centre of moments, is equal to the sum of 
the moments of the forces which tend to turn it in 
the opposite sense ; and a little consideration renders 
it apparent that when this condition is fulfilledj the 
forces P, P' and P" must meet in the same point. 
Equation [a] may therefore be taken for the equa- 
tion of condition in the case of three forces, the forces 
necessarily meeting in the same point when it is 
satisfied. To deduce from it the equation for a 
greater number of forces, let P be considered as the 
resultant of the two forces P'" and P'", applied at 
some point E taken in the direction of J*: we shall 
have, by the principle of moments, 
Fp = P"p"' — P'Y'' 
(it being supposed, as represented in the figure, that 
P'" and P" tend to turn their points of application 
in opposite senses about the point 0, P and P'" in 
the same sense ;) and substituting this value of Pp 
in equation [a], and employing the upper sign of the 
second member, we shall get 

P"p" = P''y' —P'y + py, 

or p-y + P'y = P'p' + P"'p": 

for the equation of condition in the case of four 
forces. By thus successively regarding one of the 
forces as the resultant of two others, the equation of 
condition may be found for any number of forces. 
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The general equation is commonly written thus, 

Pp + J>' + F"p" + P"p"' + etc. = ; 
the signs of the terms being determined by the direc- 
tions in which the several forces tend to turn their 
points of application. 

Since this equation indicates that the forces P, 
P', P", P"\ etc. are reducible to three forces which 
meet iii the same point, when it is satisfied, we may 
suppose all the forces applied at the point of meeting 
of the three forces in lines parallel to their primitive 
directions. The conditions of equilibrium will thus 
be reduced to those of article 15 ; and adopting the 
notation of that article, we shall have for the rema^^n 
ing equations of condition, ^^| 

Fiima. + P eosa' + P" cos a" + /*" cos a'" + etu. = 0,^^ 
P cos /3 + P' cos /3' + P" cos /3" + P'" cos /3"' + etc. = 0. 
Thus the equations of condition for the equilibrium 
of any number of forces situated in the same plane, 
and applied at different points, are 

I(i'c08a) = 0, [18] 

S(P co8j8) = [19] 

2(Pp) =0.' [20] 



Of F0HCE3 APPLIED AT DIFFERENT POINTSj AND BTTCATED 
IN DIFFERENT PLANF^. 

38. Thta is the most general case ; We shall not 
discuss it in detail, but merely indicate the principal 
steps in the several processes. 

The intensities and directions of the forces being 
given, and also the positions of their points of appli- 
cation (these points being conceived to be rigidly- 
connected as in the preceding case), to determine 
their resultant, when it exists, we proceed as follows: 

1° We reduce the given system to two partial 
systems (b) and (c) : the one consisting of forces situ- 
ated in the plane of xy ;* the other, of forces perpen- 
dicular to that plane, and hence^ parallel to the axis 
of z. 

2° By the foregoing methods [Articles 32 and 23], 
we determine the resultants of the systems (b) and (c). 

3° When these resultants are situated in the same 
plane, we reduce them to a single force by the ordi- 
nary rule. 

If the resultants are not situated in the same 
plane, the given forces are obviously not reducible 
to a single force. 

39. Conditions of equUihrium. 

If the systems (b) and (c) are separately in equili- 
brium, the given system must evidently be in equili- 
brium. The converse is also true, viz. that if the 
given system is in equilibrium, the systems (b) and 

■■ The position of the co-ordinate planes telng arliitrary, we may 
^TS to the plane of ty any position whatever. 



(c) must be separately in equilibrium. For if an 
equilibrium exists among the given forces, it will 
evidently not be destroyed by euppoeing any line of 
the pliine of xy, connected with the points of appli- 
cation, to become immovable j but in this case, the 
forces situated in the plane of xy will be destroyed 
by the resistance of the fixed line; and bence the 
forces parallel to the axis of «■, unless in equilibrium 
amongst themselves, will tend to turn the plane 
about this line : therefore, since the equilibrium 
must continue, the forces parallel to the axis of g 
must destroy each other. The system [c] being thus 
necessarily in equilibrium of itself, the system [b] 
must be also. The conditions of equilibrium for 
these systems have already been found [articles 29 
and 37]; those for the system [b] are expressed by 
the equations [18], [19] and [20]; these for the sys- 
tem [c], by the equations [12], [13] and [14]. 

40. When the system contains a fixed line, about 
which the points of application may revolve, without 
being capable of moving in a direction parallel to it 
(in the same manner as the material points of a solid 
body about an axis on which the body is prevented 
firom sliding), the conditions of equilibrium can be 
expressed by a single equation. This case of equili- 
brium, being one to which we shall have to refer 
hereafter, we will treat it more fully than we have 
treated the preceding case. 

Let OZ [Fig. 27] be the fixed line or axis, about 
which the points of application may revolve in the 
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manner just supposed, and let it be taken for the 
axis of 3. Let AK be the direction of any one of the 
forces, as P, and A its point of application. Through 
AK let a plane be drawn perpendicular to the plane 
of xt/ ; and let P, represented by AK, be decomposed 
in this plane into the two forces AH and AG, the 
one parallel to the plane of xi/, the other parallel to 
the axis of z. Since the point A can by hypothesis 
have no motion parallel to the axis of s, the second 
component must be destroyed. The first, which we 
will denote by Q, is expended in tending to give to 
the point A a motion of rotation about the axis. 
We will now show that this force may be replaced 
by another, equal and parallel to it, but applied in 
the plane of ay. For this purpose, let the line GA 
be produced to meet the plane of x^ in A' ; and 
through A', let the line A'H' he drawn parallel to 
AH. Also through the axis OZ, let the plane ON'NN" 
be drawn perpendicular to the parallels AH, A'H', 
and meeting these parallels produced in N and N'. 
Without affecting the system, we may apply at the 
point A' two forces *S' and S', each equal to Q, and 
acting in the opposite directions A'H', A'E ; thus re- 
placing the force Q by the forces S, S' and Q. But 
conceiving the plane ON'NN" to be rigidly connected 
with the points of application, the forces Q and S', 
which we may suppose applied at N and N', and 
which tend to turn this plane in opposite directions, 
will, as we shall presently show, destroy each other 
by means of the fixed axis ; and we shall have, as 



^ 



the equivalent of Q, only the force S, equal and 
parallel to Q, and acting in the same sense as it. Each 
force of the system is capable of a similar reduction. 
Thus the given forces F, P', P", etc., applied at the 
points A, B, C, etc., may be replaced by the compo- 
nents Q, Q, Q", etc., Q^, Q^^, Q,,,, etc., applied at 
determinate points of the plane x!/. Hence since 
the point O is fixed, in order to an equilibrium, it is 
only necessary [Art. 35] that the sum of the moments 
of the forces which tend to turn the system in one 
sense, may be equal to the sum of the moments of the 
forces which tend to turn it in the opposite sense about 
the point taken as the centre of moments. If 
then we denote the perpendiculars drawn from to 
the directions of the forces, by g, q', g", etc., g^, q,^, y„„ 
etc. respectively, and suppose that the forces Q, Q', 
Q", etc. tend to turn the system in one sense, and 
Q.,, Q,, Q,„, etc. in the opposite sense, we shall have 
for the equation of condition, 

Qq + Q'g' + etc. — Q,y, — Q„y„ — etc. = [21] 

To show that the forces Q and S' are in equilibrium 
with each other, by means of the fixed axis, at the 
points O and N", let the forces »S"' and .S^'", jS"' and 
jS" be applied, each equal and parallel to Q; S" and 
S" acting in the same sense as Q, S'" and S" in the 
opposite sense. These forces will obviously not 
change the state of the system ; and hence we may 
consider the two forces Q and S' as replaced by the 
six forces Q and S", S' and S', S"' and S'". But of 
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these, Q and *S"', S' and S^ may be reduced to two 
equal and opposite forces applied at I the point of 
intersection of the diagonals ON, N'N", and are there- 
fore in equilibrium ; and the remaining forces S'" 
and 5'", acting upon the fixed points O and N", are 
destroyed by the reaction of these points. Conse- 
quently the six forces are in equilibrium by means 
of the fixed axis, and hence the equivalent system 
Q and S' must also be in equilibrium. 



CENTRE OF GRAVITY. 

41. The force which causes a body, when not sup- 
ported, to fall to the earth, is called gravity. We 
learn from experiment, 1° That gravity acts with 
equal intensity upon the particles of all bodies, how- 
ever the bodies may difier in size, form, or nature j 
2° That it acts in directions perpendicular to the 
surface of the earth, or the surface of a liquid at rest. 
■ The line of direction of gravity at any place, is 
called the vmiical at that place ; and any plane per- 
pendicular to the vertical, is called a horizontal plane. 

Since the form of the earth is nearly spherical, the 
directions of gravity at different points will converge 
towards its centre; but the length of the earth's 
radius is so great, compared with the dimensions of 
the bodies usually treated of in mechanics, that we 
may neglect this convergence, and consider the 
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directions of gravity, for all the points of the said 
body, as parallel. 

From experinaents and observations which will be 
made known hereafter, it has been fonnd, 

l'^ That the intensity of gravity at the surface of 
the earth, though always the same at the same place, 
varies with the latitude of the place ; being least at 
the equator, and increasing as we approach the poles, 
the increments being in the ratio of the square c 
the sine of the latitude. 

2° That its intensity varies from one point i 
another of the same vertical ; diminishing as tbj 
distance of the point from the centre of the ear! 
increases, in the ratio of the square of the distance.^ 

But the variations of intensity from these tw« 
causes, for email changes of distance, are so mintf 
that the action of gravity upon all the particles of ijj 
body of ordinary size may be considered as equaUjI 
intense. Since then within the requisite limi^ 
gravity may be considered as constant in both interi 
sity and direction, we may regard the particles of 1 
heavy body as the points of application of a systefl 
of equal and parallel forces, acting vertically and i 
the same sense. The resultant of these forces, whic^ 
is equal to their sum, and presses the body vertical 
downwards, will evidently constitute what is calleS' 
the wcigJd of the body. If then we denote the weight 
of the body by IP; the number of material particles 
composing it, by M\ and the eflfect of gravity i 
a single particle, hy g, we shall have 
n =-% 
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An immediate inference from this equation is, that 
in homogeneous bodies, the weights are proportional 
to the volumes; a deduction constantly verified by 
experiment. 

In heterogeneous bodies, this relation between the 
weiglita and volumes does not hold ; the weights of 
equal volumes, when compared, being found unequal. 
Thus a cubic inch of gold is found to weigh about 
nineteen times as much as a cubic inch of distilled 
water at a certain standard temperature ; a cubic 
inch of silver, eleven times as much. 

Since the weights of equal volumes of two substan- 
ces must be directly as the numbers of material par- 
ticles which they contain, equal volumes of gold and 
silver must contain, the one nineteen, the other 
eleven times as many material particles as the 
same volume of distilled water. Thus the numbers 
19 and 11 express the relative numbers of mate- 
rial particles, or the relative quantities of matter 
contained in equal volumes of gold and silver; the 
number of particles, or the quantity of matter, in an 
equal volume of water, being assumed as the unit. 
The numbers which thus express the relative quan- 
tities of matter referred to a common unit, contained 
in equal volumes of heterogeneous bodies, are called 
the densities of these bodies ; thus 19 and 11 are the 
densities of gold and silver respectively, the density 
of distilled water being taken for the unit. If now 
we denote the density of a body by D ; its volume, 
expressed in terms of the unit of volume, by V; and 
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the aumber of particles that it contaloa, that is^ 
quantity of matter, or mags, by M, we sbaTl evideiii 
have 

M= I'lJ. [23] 

If we substitute this value of M in equation [22], w« 

shall get * 

W= VDg [24] 

Since the value of g the general symbol denoting 
the intensity of gravity, varies with the position of 
the place, we take its value at some determinate 
place for the unit of intensity, and consider its 
general value an expressed in terms of this unit, "Wf 
thus have for the place at which ^ = 1, 

W= VD; 
and for any place whatever, 

W= VDg. 
g being in this equation the ratio of the intensiti) 
of gravity at the two places. If the unit of volume 
bo the cubic inch, the unit of weight is evidently the 
weight of a cubic inch of distilled water at the place 
where J = 1, and IK designates the number of these 
units which the weight of the body contains. 

42. Since the weight of a body is the resultant of 
a syatem of parallel forces applied at points of which 
the relative potiitions are tixed, it must have a deter- 
miiifttc point of application. This point, which is 
the centre of parallel forces for the case in question, 
IS calletl ihf eemtr* vf grwtg of the body. The poai- 
Uon of the oeotn of gnvity, with respect to the 
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points of the body, is invariable ; remaining the 
same, while we suppose the body to take all possible 
positions in space ; for a change in the position of 
the body is merely equivalent to a revolution of the 
directions of the forces about their points of applica- 
tion, an operation which [Art. 25] does not affect the 
position of the centre of parallel forces. 

When the centre of gravity of a body is supported, 
the body will be in equilibrium in all positions about 
that point ; for, in all positions, the direction of the 
weight of the body will pass through the point of 
support. 

43. Conceive now a body to be divided into any 
number of parts, and suppose the weights and centres 
of gravity of the several parts to be known. Let the 
weights of the parts be denoted by w, tv\ w", etc., and 
the co-ordinates of their centres of gravity by 2-,^ and 
s; x',y' and 3' ; x", y" and z", etc. respectively; and 
let the weight of the entire body be denoted by W, 
and the co-ordinates of its centre of gravity hy:r,^^ 
and z,. Then since ^Y is the resultant of the parallel 
forces w, w', vj", etc, applied at the respective centres 
of gravity, we shall have [Art. 26] to determine the 
co-ordinates a^,, ^,, z, the equations 
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When the centres of gravity of the several parts 
are situated in the same plane, the plane of xy for 
example, the centre of gravity of the entire body 
will be found in that plane : when they are situated 
in the same straight line, as the axis of x, it will be 
found in that line [Art 28]. 

The above equations are evidently true, whatever 
the number of parts into which we suppose the body 
divided. 

44. If we denote the masses corresponding to the 
weights Wy w, w', w", etc. by M, m, m', m", etc., we 
shall have .1 

W = Mg, w = mg. ic' =; m'g, w" = m"j, etc, ; ^H 
and by substituting these values in the above equa- 
tions, and omitting the common factor ff, we shall get 
tnx + m'x' + m"x" + e 
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From these equations, it appears that the position of 
the centre of gravity is independent of the intensity 
of gravity. 

45. If we suppose the body to be homogeneous, 
and denote its volume and density by V and D 
respectively, and the volumes of its several parts by 
V, V', v", etc., we shall have 



= i>D, 
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and by substituting these values in equations [26], 
and omitting the common factor D, we shall get 

fz 4- v'x' + p'V + etc. 
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.[27] 



If we suppose the parts into which the body is 
conceived to be divided, to be infinitely small, we 
may derive from equations [26] and [27] the follow- 
ing theorem : The sum of the p-oducls obtained hy muUi- 
plying eitJier the masses or the volumes of the elements, or 
infinUeli/ small parts of a body, by their I'espeetive distances 
from any plane lohaiever, is equal to the pj-odud of the entire 
mass or volume iy the distance of its centre of gravity from 
the same plane. 

If the elements of the body are all situated in the 
same plane, or, in other words, if the body itself is a 
material plane, we may consider the plane with 
respect to which the moments are taken as reduced 
to its line of intersection with the plane of the ele- 
ments, (the two planes being supposed to be perpen- 
dicular to each other,) and the moments are then 
taken with respect to this line. 

In the still simple case in which the elements are 
situated in the same straight line, we may consider 
the line to which the moments are referred as reduced 
to its point of intersection with the line of the ele- 
ments (the two lines being supposed perpendicular 
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to each other), and the moments are then takcD t 
respect to this point. 

It will be recollected that these products, or 
moments of the masses or volumes, as they may he 
called, must be affected with opposite signs, accord- 
ing as the perpendiculars are situated on the eiame 
or opposite sides of the plane, line or point. 

It is obvious, that if in any case the sum of the 
moments of the masses or volumes, with respect to 
the plane, line or point, is equal to zero, the centre of 
gravity of the entire body must be situated in tbe 
plane, line, or point. 

46. Determination of the centres of gravity of part 
hodies. 

The application of the preceding equations to t 
determination of the centres of gravity of particn! 
bodies, requires in general the use of the integ^ 
calculus. In very many cases, however, these poind 
can be determined by the most elementary process 
The examples which follow will illustrate the metho( 
commonly employed. 

I. Of lines and surfaces- 

We shall first consider some of tbe simplest cat 
of material or physical lines and surfaces : the lini 
being conceived to consist of single series of matt 
rial particles; the surfaces, of single laminae of parti- 
cles, the particles being supposed in both cases to be 
uniformly distributed. 

1° The straight line. 

The centre of gravity of a material straight line is its 
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middle povit. For, drawing through this point any 
line or axis whatever, the sum of the momeate of the 
particles on one side of the axis is obviously equal 
to the sum of the moments of the particles on the 
opposite side ; and these sums are, moreover, affected 
with opposite signs. Their algebraic sum is therefore 
equal to zero, and hence the centre of gravity of the 
line must, by the last paragi'aph of the preceding 
article, be in the axis ; but it is also in the line itself^ 
consequently it must be at the point of intersection 
of the line and the axis. 

The same result may be found more directly by 
applying the ordinary rule for parallel forces. Thus, 
let the weights of the particles be regarded as a sys- 
tem of equal and parallel forces acting in pairs, the 
components of each pair being applied on opposite 
sides of the middle point and at equal distances from 
it, and let the point of application of the resultant 
of the whole system be sought. The resultant of 
each pair, and hence the resultant of the whole sys- 
tem, will be found to pass through the middle point 
of the line. 

2° Tlie perimeter of a polygon. 

To determine the centre of gravity of the peri- 
meter of a polygon : in the plane of the polygon, 
draw the co-ordinate axes OX and OY, and deter- 
mine the co-ordinates of the centres of gravity of the 
several sides referred to these axes. Then in the 
first two of equations [27] Art. 45, substitute for the 
volumes r, v', v", etc. the lengths of the sides; for x 
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and y, sf and y', af' and y", etc. the co-ordinates of 
their centres of gravity respectively ; and for the 
volume V, the entire perimeter of the polygon. The 
value8of?,and^„thu3 determined, will be the values 
of the co-ordinates of the centre of gravity of the 
polygon. 

Another method consists in regarding the weights 
of the several sides, applied at the respective centres 
of gravity, as a system of parallel forces, and del 
mining the point of application of the resultant 
the ordinary rule. 

3° The arc of a circle. 

Let AFB [Fig 28] be an arc of a circle, and 
MN be one of the infinitely small parts or particle? 
of which we suppose it made up. Draw the diame- 
ter LR parallel to the chord AB ; and from Q the 
middle point of MN, draw QP perpendicular to LE. 
Draw also the radius QO, the line MI parallel to AB, 
and the lines MH and NK perpendicular to AB. 
The similar triangles MNI and QOP give 

MN : MI : : QO : QP, ^M 

or MN X QP = MI X QO ^| 

= HK X QO. 

The firat member of this equation is the moment of 
MN with respect to the diameter LR ; and the second 
ia the product of the projection of MN on the chord 
AB, by the radius of the circle. Thus the moment 
of each particle of the arc is equal to the product 
of its projection on the chord, by the radius of the 
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circle: consequently the sum of the moments of all 
the particles of the arc with respect to LE, is equal 
to the product of the chord by the radius, or to 
AB X OQ. But the sum of the moments of the par- 
ticles of the arc, with respect to the radius OF drawn 
to its middle point, is evidently equal to zero, and 
hence OF must contain the centre of gravity of the 
arc. If then we suppose the centre of gravity to be 
at C, the expression of the moment of the arc with 
respect to LR will be, arc AFB x CO; and hence 
[Art. 45] we shall have 

arc AFB X CO = AB X OQ. 
or arc AFB : AB : : OQ : CO. 

Hence the centre of gravity of ilte arc of a circle is on the 
radius which bisects the arc, at a point, the distance of which 
from the centre of the circle is a fourth proportional to the 
length of the arc, its chord, and radius. 

4° The area of a parallelogram. 

The centre of gravity of the area of a parallelogram is 
at the intersection of its diagonals. For the sum of the 
moments of the particles of the parallelogram, with 
respect to each of its diagonals, is evidently equal 
to zero, and hence each diagonal must pass through 
its centre of gravity; consequently the centre of 
gravity of the parallelogram must be at the intersec- 
tion of these lines. 

Another method of determining the centres of 
gravity of plane figures, consists in regarding them 
as made up of physical lines. To apply this to the 
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case of tlie parallelogram, conceive it made up of 
lines parallel to one of its diagonals ; the other dia- 
gonal, bisecting these parallels, and hence passing 
through their centres of gravity, will contain the 
centre of gravity of the entire figure ; bnt this pro- 
perty is common to the two diagonals : consequently 
the centre of gravity of the parallelogram must bfi^ 
at their intersection. fl 

5° The area of a triangle. 

To find the centre of gravity of a triangle ABD 
[Fig. 29] : From the verticea D and B draw the lines 
DE and BF to the middle points of the opposite sides 
AB and AD, and join the points E and F ; the centre 
of gravity will be at C. For, regarding the triangle 
as made up of physical lines parallel to AB, its 
centre of gravity must be in the line DE which 
bisects these parallels : it must also be in BF, which 
bisects the lines drawn parallel to AD ; consequently 
it is at the point C. 

To determine the position of this point we have, 



from the similar triangles BCD and FCE, ABD and J 




Hence the ceidro of gravity of the area of a triangle is mi 
the straight line drawn from any one of its vertices, to the 
middle point of the opposite side, at a distance from ifds 
point equal to one-third of the length of the line. 

6° The area of a polygon. 

To determine the centre of gravity of the area of 
a polygon, divide the polygon into triangles, and 
find the centre of gravity of each triangle by the 
preceding method j then proceed as in the case of 
the perimeter. 

7° The area of a circular sector. 

Let AOB [Fig. 30] be a circular sector, and let it 
be supposed to be divided into an infinite number of 
infinitely small equal triangles, having their basis 
in AB, and their vertices at the centre O. The 
centre of gravity of each of these triangles will be 
in the radius drawn to the middle of its base, at a 
distance from the centre of the circle equal to two- 
thirds of the length of the radius: hence the centre 
of gravity of the sector will be the same as that of 
the arc FG described with a radius 01, equal to two- 
thirds the radius of the sector. It will therefore 
[No. 3° of this Art.] be on the radius OD drawn to 
the middle of the arc AB, at a point C, the distance 
of which from will be given by the proportion 

are FIG : FG :: 01 : OC ; 



c ADB 



AB 



iOD 



OC. 



Hence the centre of gravity of the area of a circular sector 
is on the radius which bisects the arc of the sector, at a 
10 




poitit, ihe distance vf which from the centre is afovrth pro- 
portional to the arc, its chord, and two-tlarda of ihe radius. 

8' The surface of a spherical sone. 

The centre of gravity of the avrface of a spherical zone 
is at the middle point of its axis, or ihe Vne joining the cah 
trea of its bases. For, conceive the entire zone divided 
into an infinite number of infinitely small zones of 
the same altituile, by planes parallel to its bases; 
the centres of gravity of these infinitesimal zones will 
be on the axis of the entire zone; but these zones 
are equivalent in surface : hence their common cen- 
tre of gravity, or the centre of gravity of the entire 
zone, will be at the middle point of the axis. 

n. Of solids. 

1° The parallelopipedon. 

Let All [Fig. 31] be a parallelopipedon. Through 
the opposite edges BG and EI, AF and DH, let the 
planes BGIE, ADIIF be drawn; and through C the 
middle point of 00' the intersection of these planes, 
let the plane A'B'D'E' be drawn at right angles to 
00'. 

The matter of the solid is obviously so disposed 
on the opposite sides of these planes, that the sum 
of the moments of its particles with respect to each 
plane is equal to zero : consequently the centre of 
gravity of the parallelopipedon is at C the common 
point of intersection of the three planes. This point 
is obviously the middle point of any one of the dia- 
gonals of the solid. 

Another method of determining the centre of 
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gravity of solids, consists in regarding them as made 
lip of physical planes. Thus, in the case just consi- 
dered, we may suppose the solid made up of planes 
parallel to its base ABDE: the centre of gravit>j will 
obviously he at the middle of iJie line 00' lohkh joins the 
centres of gravity of the iivo bases. 

2° The pyramid. 

Let A-BED [Fig. 32] be a triangular pyramid. 
From the vertices A and D, draw to F the middle 
point of the edge BE, the straight lines AF and DF ; 
take FK equal to one-third of AF, and FH equal to 
one-third of FD, and draw DK and AH : the point C 
in which DK and AH intersect is the centre of 
gravity of the pyramid. For, conceive the pyramid 
to be made up of planes parallel to the face BED: the 
line AH will pass through the centres of gravity of 
all these planes, and will therefore contain the centre 
of gravity of the pyramid. In like manner it may 
be shown that the line DK will also contain this 
point; consequently it must be at C the point of 
intersection of these Hues. To determine its position, 
joining the points H and K,we have, from the similar 
triangles ACD, HCK, AFD, KFH, 

CH : CA : : HK : DA 



iheaoe 



8CH ^ CA, 
4CH = AH, 
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the middle point of the axis of this concentric calottti 
If we denote the height of the calotte of the sector 
by h, the height of the concentric calotte will be \h: 
hence, denoting the radius of the sphere by r, the 
distance of the centre of gravity of the entire sector 
from the centre of the sphere will be h' — \h. 



MACHINEa, 

47. A inachine is an instrument by means of which 
a force may be made to act upon points that lie 
without its direction. 

The simple machines, of which all others are com- 
posed, are the cord, or rope machine, the lever, and the 
inclined plane. Certain modifications or combinations 
of these are frequently ranked among the simple 
machines, viz. the pmlley, the ivheel and axle, the screxi), 
and the ivedge. 

The force employed in working a machine, is 
called the potver ; and the force to be overcome, the 
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In discussing the theory of machines, we seek only 
the conditions of equilibrium of the power and resist- 
ance. The consideration of the motion which ensues 
when the power is increased beyond what is required 
for an equilibrium, belongs to dynamics. 

In the first investigations, we omit the considera- 
tion of the weight of the machine, the stiflfiiess of 
cords, the flexibility of rods, friction, etc. etc. 
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THE ROPE MACHINE. 

48. The simplest form of the rope machine \h that 
represented in figure 34, in which three cords AB, 
AC and AD, lying in the same plane,are firmly united 
at a point A; and the forces J', Q and B are applied 
at their extremities B, C and D. The conditions of 
equilibrium, in this case, are evidently expressed by 
the proportion [Art. 12], 

P -. Q : M : : amp : ain y :' sinr; [28] 

p, q and r denoting the angles made by the cordis, or 
the directions of the forces a.s represented in the 
figure. 

49. If the forces P and Q be suppressed, and the 
extremities B and C be attached to fixed points, the 
conditions of equilibrium will still be given by pro- 
portion [28] ; and P and Q will, in this case, denote 
the re-actions of the points respectively. 

50. When the extremities B and C are fixed, aud 
the cord AD ia attached to a ring which is capable 
of moving freely upon BAC, it is evident, that as the 
ring slides along this line, the point A will describe 
an ellipse. Consequently in order to an equilibrium, 
the direction of AD must coincide with the normal 
to the curve at the point A, and hence must bisect 
the angle BAC of the radii vectores. We shall then 
have 



yandP= Q. 
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51. The comoion intensity of two equal and oppo- 
site forces applied at the extremities of a cord, in the 
direction of its length, so as to extend it, is called the 
tension of the cord ; thus, P, Q and M are the tensions 
of the cords AB, AC and AD respectively. The 
effect upon the cord will obviously be the same, 
whether the two equal forces thus act at its extremi- 
ties, or one of them be suppressed, and the extremity 
to which it was applied be attached to a fixed point. 

52. The case in which there is any number of 
cords united at the same point, and solicited by 
forces lying in the same plane, is immediately redu- 
cible to that just considered. 

53. Another form of this machine, called the/ww!- 
cuhr polygon, is represented in figure [35]; in which 
EABCF, AG, BH, CI, are supposed to be cords 
united at the points A, B and C, and solicited at 
their extremities by the forces P, P', P", etc. acting 
in the same plane. When these forces are in equili- 
brium with each other, it can readily be shown ; 

1° That the forces must be such that they will 
be in equilibrium when applied at a siugle point (C, 
for example, as represented in the figure), parallel to 
their primitive directions, and hence that the condi- 
tions of equilibrium are the same as those of Art. 
[16]. 

2° Denoting the tensions of the portions AB and 
BC of the cord EABCF by S and Q, and the angles 
at A, B and C by s and p, q' and s',p''' and q, as repre- 
sented in the figure, and applying the principle of 
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proportion [28], that the relations of the tensions P 
and /*"■" will be given by the proportion 
P : J"" : : sinp X Bins' X siny : sins X sin?' x sinp". 
3°. That when the forces P\ P", P'", are parallel 
to each other [Fig. 36], and hence the sums p + j', 
. s' + p", are each equal to 180°, 



4°. That when the cord EBP [Fig. 37], sustained 
bj the forces P and P" applied at E and F, is sub- 
jected to no other additional force than gravity, 

P : P'-' : E :: sia FMG : sin EMG : sinEMF; 
R denoting the weight of the cord, and EM and FM 
being tangents to the cord at the points E and F, 
and MG a vertical line drawn through their point of 
meeting. 

■ 

THE LE\'ER. 

54. A lever is a bar or rod of any form whatever, 
capable of motion about a fixed axis or support 
called i\iQ fulcrum. In investigating the properties 
of the lever, we conceive it reduced to a material 
line. 

Let the line ACDB [Fig. 38], represent a lever, and 
F its fulcrum; and suppose it to be acted upon by 
I the forces P, P', etc. tending to turn it in one sense 
^ about the point F, and P", P"', etc. tending to turn 
I it in the opposite sense about this point, all the forces 
I being supposed to act in the same plane. Also let 
the lines p, p', etc., p", p'", etc. be drawn from F per- 



I tne lines p, p', et( 
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pendicular to the directions of the forces. Then the 
conditious of equilibrium of the forces will be 
expressed by the equation [Art. 35] 

Pp + Py + eir.. = P'Y + P"y" + etc. 

In tbia equation, the forces P, P', etc. may be sup- 
posed to represent the powers applied to the lever, 
and P", P'". etc, the resistances to be overcome. 
The weight of the lever may be regarded as a verti- 
cal force applied at its centre of gravity. 

55. Tlie case most frequently occuring in practice, 
is that in which only two forces act upon the lever. 
The preceding equation is then reduced to 

Pp = py, 

and we have 



Thus, in this case, the potver and the reskiance 
inverse^ as the perpendiculars drawn frofn the fulcrum io 
their directions. 

56. When the lever AB [Fig. 39] is straight, and 
the two forces act in parallel directions, we get from 
the similar triangles FAM, FBN, 



J 



FA, 



and hence we have 



that is, the power and the resistance inversely/ as ike 
tames of their points of application from the fuhrvm. 
The&e distances are called the arms of the lever. 
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57. The pressure upon the fulcrum is evidently 
equal to the resultant of all the forces which act 
upon the lever. When the lever is not retained by 
a fixed axis, but only rests upon a fixed support, it 
is essential to the equilibriiim that the direction of 
the resultant should be perpendicular to the lever. 

58. According to the relative positions of the 
power, the resistance and the fulcrum, levers have 
been divided into three kinds. A lever is said to be 
of the 1st kind, when the power and the resistance 
are applied on opposite sides of the fulcrum, as in 
Fig. 40 ; of the 2d kind, when these forces are applied 
on the same side of the fulcrum, the resistance being 
the nearer to the fulcrum, as in Fig. 41 ; and of the 
3d kind, when these forces are on the same side of 
F, and the power is the nearer to the fulcrum, as in 
Fig. 42. 

THE INCLINKD PLANE. 

59. This machine consists essentially of a plane, 
inclined at any angle whatever to a horizontal plane. 
Conceive a body to be in equilibrium on an inclined 
plane : it is evident that the force P which prevents 
the body from sliding down the plane, and P' the 
gravity of the body, must have a resultant perpen- 
dicular to the plane, and meeting it within the limits 
of the base of the body. The plane of these forces 
will be vertical, and also perpendicular to the inclined 
plane. The section of the inclined plane and the 
body, by the plane of the forces, is represented in 
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Fig. 43, in which AB is the section of the inclined 
plane, and MLN that of the body, and BC and AC are 
horizontal and vertical lines meeting each other at 
the point C ; AB, BC and AC being the length, base, 
and height of the plane respectively. Let the line 
KE be the direction of the force P ; KF, which we 
suppose to pass through the centre of gravity of the 
body, that of P' ; and KG perpendicular to AB, that 
of the resultant B. Then denoting the angles as 
represented in the figure, we ahall have 

P : P' : li -.: ainp : ^ap' : sinr; 
or, since p is equal to i the inclination of the plane, 
and sini = -i, i 



1°. When the direction of P is parallel to the in- 
clined plane, p' = 90°, and we get from the above 
proportion, 

P : P' :: k : I; 
that is, the power to the weigM of the hody, as the heigMh 
of the plane to its le^igth. 
I 2°. When the direction of J" is parallel to the base 

I of the plane, p' = (90"^ — i), and we have 

I 

I to 
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that is, the power to the tveight, as the heighth of the f 
to Us hose. 

We have regarded the plane as inclined with i 
spect to the horizon, and supposed the force P' to \ 



gravity ; but the above results will obviously be 
true if we consider the plane as inclined with respect 
to any assumed plane, and substitute for gravity any 
force acting perpendicular to the latter plane. 



THE PULLEY. 

GO. The pulley is a small grooved wheel, capable 
of motion about an axis, and having its circumfe- 
rence partly enveloped by a cord, to the extremities 
of which the forces are applied. The axis is sup- 
ported by a frame called the block ; and according as 
the block is fixed or capable of motion, the pulley is 
said to be fixed or movable. 

61. The Jixed pulley. 

Let IGHK [Pig. 44] represent a fixed pulley, and 
EIKHF a cord enveloping the arc IKH of its circum- 
ference ; and suppose the two forces P'and Q to be 
applied at the points E and F, in the directions IE 
and HF tangent to the circumference at the points 
I and H. Produce EI and FH, and let the points of 
application of P and Q be transferred to A the point 
of meeting of these lines. Then since is the only 
fixed point in the pulley, in order to an equilibrium, 
the direction of the resultant' R oi P and Q must 
pass through that point : hence it must bisect the 
angle EAF, and consequently the forces P and Q 
must be equal to each other. Let the resultant be 
represented by AD, and complete the parallelogram 
ABDG : then P and Q will be represented by the 



equal lines AB and AC respectively, and we shall 
have 



A' 



AB 



AD. 



But from the similar triangles ABD, lOH, we get 
AB : AD : : 10 : IH ; 

consequently we have 

P : ^ :: 10 : IE. 

Thus, in the fixed pulley, each of ihe forces appUed io 
the cord or rope is io their resuUant, or the pressure upon 
ihe point of support, as the radius of the pulley is to ilie 
chord of the arc iviik tvkick ihe rope is in contact. The 
fixed pulley is employed, when it ia desired to change 
the direction of a force without affecting its intensity. 

62. Movable pidle^. 

In the movable pulley, one extremity of the cord 
is attached to a fixed point F [Fig. 45] ; and a power 
P applied to the other extremity, holds in equili- 
brium a force R applied in a direction passing through 
the centre 0. The resistance R is usually the weight 
of a body suspended from the centre. In place of 
the re-action of the fixed point F, we may substitute 
a force Q, and consider the machine as in equilibrium 
under the action of the forces P, Q and S, applied at 
points entirely free. The condition of equilibrium 
will obviously be, that the resultant of P and Q must 
be equal and contrary to It. Hence it may be rea- 
dily inferred that P and Q are equal, and, as in the 
preceding case, that 
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Thus, in the movable pulley, the power is io ihc re- 
sistance, as the radius of the pulley is to the chord of the arc 
in contact imih the rope. 

1° When the cords EI and FH are parallel, the 
chord IH becomes a diameter, and we have 

P : R .: \ : -Z; 

that ia, the resistance equal to twice the power. 

2° When the arc IKII in contact with the cord 
is equal to 60'', we have 

P = R; 
and when this arc is less than C0°, 
PyR. 

63. Si/steins of pulleys. 

1°. Let Cj C, C", be a system of movable pulleyt!, 
connected with each other in the manner represented 
in figure 4G, in which F, F', F", are fixed points, and 
the power P applied in the direction I"E holds in 
equilibrium the weight R suspended from C. Denot- 
ing the tensions of the cords IC, I'C" by P" and P', 
we have 



R 



IC 

I'C 
I"C" 



IH, 
I'H', 
I"H" 



and hence 
/* : ^ : ; 10 X I'C' X I"C" : IH X I'H' X I"H". 
That is, in this system of pulleys, the power is to the 
resistance, as the product of the radii of the pidleys is to the 
product of the chords of the arcs in contact with the ropes. 
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When the cords are parallel, aa in figure 47, the 
above proportion is reduced to 

P : -S :: 1 : 2'. 

Hence, in a system of this kind, in which n moval 
pulleys are employed, we ehall have 






By means of movable pulleys arranged in this 
manner, a great weight may be moved by a small 
force ; but it will readily be perceived that the gain 
in power will be attended with a loss in respect to 
time. 

2°. A combination more convenient than the pr^ 
ceding, is that in which several pulleys, both fix 
and movable, are embraced by a single cord as rep« 
sented in Fig, 4S, in which the several parts x,y,M 
etc. of the cord are supposed to be parallel to ea< 
other. In this arrangement, we may obviously coa 
sider the tensions of these portions of the cord aa a 
system of equal and parallel forces acting in the 
same sense, of which the resultant is equal to the 
weight or resistance B. Thus in the case of three 
movable pulleys, in which the cord has six branches, 
we have 

P t R :: 1 : 6; 

and hence denoting the number of pulleys I 
have generally 

P : * : : 1 : 2ii. 

The method of determining the power nt 



to put in equilibrium the weight of the several mov- 
able pulleys, is sufficiently obvious. 



THE t'/ iii'^i'^r. AND AXLE, 



64. This machine consists of ii wheel AA' [Fig. 49], 
and a cylinder or axle BB' so adjusted as to have a 
common axis, and firmly connected with each other. 
The cylinder is supported at its extremities in such 
a manner as to admit of only a motion of rotation 
about the common axis. The power P and the 
resistance R are applied at points of the ^vheel and 
axle, respectively, in the direction of tangents to 
their circumferences. The mode of operation of the 
machine is indicated in the figure. The case of an 
equilibrium between P and R in this machine is 
obviously comprehended in the more general case 
already considered in article 40. Referring then to 
this articlCj and denoting the radius of the wheel by 
f, and that of the axle by r, we get 

Pi, ^ Rr. 

or r : R : : r : p. 

That is, in the equilibrium of the wheel and a,vle, the 
power is to the resistance as the radius, of ilie axle is to 
the radius of the wheel. 

When P and R act upon the machine by means 
of cords, we must suppose these forces applied to the 
axes of the cords, and increase the radii of both the 
wheel and axle by the radii of the cords respectively. 
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65. A combination of whecla and axles is some- 
times used. One of these compound machines, in 
which three of the simpler machines are employed, 
is represented in figure 50. To find the relation in 
this case between the power P and the resistance 
P"\ denote the tensions of the intermediate cords 
MN, M'N', by P' and P" ; the radii of the several 
wheels by ;?, jo' and/?"; and those of the correspond- 
ing ftxle.=< by r, r', r" ; then we shall have 



and hence 



4 



that is, ike power to the resistance, as the product of tHS 
radii of the axks to the product of the radii of the teheels. 

66. In these combinations, the connexion between 
the simple machines is frequently effected by means 
of teeth or cogs projecting from the several convex 
surfaces, as represented in figure 51. The relation 
between the power and the resistance is not altered 
by this modification of the mode of connexion. ^ 

THE SCREW. Wt 

67. This machine consists, 1st, of the interior scretv 
(usually called simply the screw), a cylindrical solid, 
around whose convex surface passes a uniform band 
01 fillet, called the thread of the screw, oblique to the 
axis, and constantly inclined to it at the same ang] 
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and, 2d, of the exterior screw, or md, a hollow cylinder 
of the same diameter as the solid one, on the concave 
surface of which is a groove exactly adapted to the 
fillet of the interior screw. The mode of operation 
of this machine is indicated in figures 52 and 53, in 
which AB represents the interior screw, inserted in 
the nut CD ; and OS, O'S', two arms or levers to 
which the forces are respectively applied, according 
as it is desired to communicate motion to the nut or 
to the interior screw. 

The investigation of the properties of the screw is 
best conducted by first considering the manner in 
which the fillet may be conceived to be generated. 

Let ABDC [Fig. 54], be a cylinder, and BM a rect- 
angle, of which the base DM is equal to the circum- 
ference of the base of the cylinder. Let the sides 
BD and NM be divided into the equal parts BF, FH, 
etc., NGr, GI, etc. ; and let the oblique lines FN, HG-, 
etc. be drawn. Then if the rectangle be applied to 
the convex surface of the cylinder in such a manner 
that the line NM shall coincide with BD, the points 
N, G, I, etc. will coincide with the points B, F, H, etc., 
and the oblique lines FN, HG, etc. will form on the 
surface of the cylinder a continuous curve ss'. This 
curve ia called a helix ; and the constant interval 
NG, its piich. If now wc conceive a triangle, whose 
plane constantly passes through the axis of the 
cylinder, to revolve about that axis in such a manner 
that its base, in no case greater than NG, shall con- 
stantly be in contact with the cylinder, and have one 
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of its extremitiee in the belix as', it is evident that 
each point of the revolving (igure will describe a heUs 
Bimilar to sa', and that the assemblage of helices thus 
described will form the fillet of a acrew. The gene- 
rating surface is usually a triangle, as we have above 
supposed it to be : it is aomctimea a rectangle, and 
may be of any form whatever. The conditions of 
the problem being the same, whether we suppose 
the screw to be movable and the nut fixed, or the 
converse, we will adopt the latter hypothesis. 

Let then the screw he supposed to be fixed, and 
the nut resting upon it to be subjected to the action 
of two forces: the one, the resistance Ji, acting 
directly upon it in the direction of the axis; the 
other, the power P, acting at S at right angles to the 
axia, and also to the lever OS. In the revolution of 
the nut, each of its points in contact with the screw 
describes, as we have seen, a helix and may obviously 
be regarded as moving on an inclined plane whose 
height is equal to the pitch of the screw, and whose 
base is equal to the circumference of the circle hav- 
ing for its radius the distance of the point from the 
axis of the acrew. Hence, considering a single point 
of contact M [Fig. 55], whose distance from the axis 
is OM, and denoting the forces which act upon it by 
p and r, both being supposed to act directly upon 
the point, the first parallel to the base of the plane, 
the second perpendicular to it, we shall have, in the 
case of an equilibrium [Axi 59, 2°], 

p : r : : NG : 2* X OM. 
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But if the power be applied at S instead of M, at the 
distance OS from the axis, we shall have, to deter- 
mine the force P which, applied at S, will be equi- 
valent to p applied at M, the proportion 

P : jt) :: OM : OS; 

whence we get 

P : ;? : : 2* X OM : 2^ X OS. 

Comparing this proportion with the first, we have 

P : r : : NG : 2^ X OS; 

and hence 

^ 2* X OS 

For the other points of contact M', M", etc., at which 
the resistances r\ r''^ etc. are put in equilibrium by 
the powers P', P", etc., applied at the same distance 
from the axis as the power P, we have 

NG 



P' ^r' X 



pn _. ^// ^ 



2* X OS' 

NG 



2* X OS' 
etc. 

Hence, denoting the sum of the powers P, P\ etc. by 
Py, and the sum of the resistances r, /, etc. by P,we 
have 



2* X OS' 

whence, 

P, : ^ : : NG : 2^^ X OS. 
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That is, in the equilibrium of the acrew, the power is 
io iM reaistance, as the pitch of the screw, or the distance 
between the titreads, is to the circumference of the circle 
described hij the poitit of application of the power. 

TIIE WEDOE. 

68. The wedge is a solid body of the shape of a 
triangular prism. The surface CDEF [Fig. 56], is 
called its back; ABED and ABFC, its sides; and AB 
the intersection of the sides, its edge. The use to 
which it is most commonly applied, is to separate 
the parts of a body, by introducing the edge AB into 
a small cleft, and applying an impulsive force to the 
back. Since the resistance, or the force which the 
parts of the body oppose to the separation, is always 
unknown, it would be useless to investigate the con- 
ditions of equilibrium between it and the power. 
We shall, therefore, seek merely the relation between 
the power and its components perpendicular to the 
sides of the wedge. 

Let MNO [Fig. 57] be a section of the wedge by 
a plane perpendicular to its edge. Let the power 
J*, which we suppose to be perpendicular to NO, be 
represented by IK, and be resolved into the two 
components IR and IS perpendicular respectively to 
NM and OM. These components represent the 
effects of the power at the sides of the wedge, and 
tend directly to separate the parts of the body. 



Denoting 

and P" respectively, we liaTe 



power and its components by P, P' 



But from the similar triangles 
have 



MNO and IKR, we 



and multiplying the last three terms of this propor- 
tion by the line DE [Fig. 50], we get 
P : P ' : P" : : NO X I>E : MN X DE : MO X DE. 
The products composing the last three terms of 
this proportion represent the respective surfaces of 
the back and aides of the wedge. Consequently, in 
the wedge, ilm power applied <d right angles to the bad:, 
and ike e forts exerted at the sides, are respedivel// propor- 
tional to the surfaces of the hack mid sides. 



GENERAL PRINCIPLE OF EtjUILlEKIUM IN MACHUfES. 

69. By corabiuing the simple machines above 
described, an endless variety of compound machines 
may be formed. In these compound machines, the 
ratio of the power to the resistance can be deter- 
mined when the tensions of the cords which connect 
the various parts ave known, as has been done in the 
case of the sy.stcm of pulleys of article 63, and that 





of wheels and axles of article 65. But in every case, 
however complex the machine, this ratio can also be 
determined bj the following rule : 

Let the er]uilibnum of the machine be supposed 
lo safier an infinitely small disturbance : the points 
of application of P and R, the power and the resist- 
ance, will describe infinitely small arcs. If the direc- 
tions of P and II are tangent to these arcs, let the 
area be denoted by a and v respectively ; if they are 
not, let the projediuns of the arcs upon the directions 
of P and R be denoted by these letters ; then will 
the relation between P and R be expressed by t 
proportion 



This rule is a particular case of a general princip] 
of mechanics, called tie principle ef rtrtuai vetodiiea. . 

70. Appucations. 

1°. The lercr. 1st Let AB [Fig. 58] represent t 
lever ; and from F the fulcrum, let the perpendiei 
lars p and p' he drawn to the directions of the t^ 
forces P and P'. Let M and N, the feet of the pei 
pendiculars, be taken as the points of application e 
P and 1^' ; and conceive an infinitely small motion 
to be communicated to the lever, causing these 
points to describe the infinitely small arcs Mm and 
Nil. The directions of P and P' being tangent to 
these arcs, denoting tbem by u and v, we shall have, 
by the rule, 

P ;/*■:: f : w; 
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P' 



I but " 

hence P ■ P' ■■ p' ■ p. 

That is, the forces are inversely as the perpendicu- 
lars drawn from the fulcrum to their directions as 
found in article 55. 

2d. Let the forces P and P' be supposed to be 
applied at the points A and B [Fig. 59] the extremi- 
ties of the lever. In the case of motion, the direc- 
tions of F and P' will not in general be tangent to 
the arcs AE and BG described by A and B ; and in 
applying the rule, we must consider ti. and v as denot- 
ing the projections of AE and BG upon these direc- 
tions. 

To find the values of u and v, draw EC and GD 
perpendicular to the directions of P and P', and 
consider the inflnitely small arcs AE and BG as 
straight lines perpendicular to the radii FA and FB ; 
then we have the triangles MFA, CAE similar to 
each other, and also the triangles NFB, DBG; and 
hence we get 



FA 



FM 



Applying the rule, we have 




AE 
BG 



AC or M, 
BD or v: 



X FM, and u = fi^ X FN. 



- X FM; 



consequently 



2°. Wheel and axle. In the wheel and axle, the 
directions of the forces P and E [Fig. 48] are tangent 
to the arcs described by their points of application: 
hence, denoting the arcs by u and v respectively, we 
have, by the rule, 



but 

hence P ■■ H 

3°. The screw. In the screw, the direction ST 
[Fig. 52] of the power is not tangent to the arc of 
the helix described by S its point of applicatio! 
Hence, in the proportion 






we must regard w aa denoting the projection upon 
ST of an infinitely small arc described by the point 
S ; V being the corresponding space described by 
any point of the nut, in the direction of the axis of 
the screw. Conceive a plane to pass through OS 
perpendicular to the axis, and let the helix described 
by the point S be projected upon this plane; the 
projection will be the circumference of the circle of 
which OS is the radius. Now since ST is tangent to 
the circumference of the circle, the projection of the 
infinitely small arc of the helix upon this line will 



J 



be equal to its projection upon the circumference, 
and the one may be taken for the other. Consider- 
ing then u as an arc of the circle, it ia evident from 
the nature of the helix, that v is to ti, as the pitch 
NG [Fig. 55] of the screw is to the circumference of 
tbe circle of which OS [Fig. 52] is the radius, or that 

I? : K :: NG : 25T X OS; 

whence we get 

P : i? : : NG : 2* X OS. 
4^. Systems of puUeys. We will consider the system 
of pulleys represented in figure 48. Denoting the 
spaces described by the points of application of the 
forces P and R by u and v respectively, we have, by 
the rule, 

P : R ■: V : u. 

But when by the action of P, the weight R is ele- 
vated through the space m, each of the six branches 
of the cord embracing the movable pulleys ia short- 
ened by the same quantity ; and hence the point of 
application of the power must descend through the 
space 6m. Hence we have 

B : K : : 1 : 6, 
and consequently 

F ■ R : : 1 : Q. 



71. A perfectly smooth body, placed on an inclined 
plane also perfectly smooth, would move, if aban- 
doned to the action of gravity, however slight the 
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inclination of tiie plane ; bnt in practice this motion 
never takes place, till the angle of inclination reaches 
a certain magnitude, greater or less according to the 
circumstances of the case. The reason of this is, that 
the surfaces of even the most highly polished bodies 
are only comparatively smooth, and consequently 
the sliding of one surface upon another, is always 
attended with a certain resistance. This resistance 
is called friction. 

Let the body MN [Fig. 60] be placed on a plane 
AB, and let the angle of inclination of the plane be 
gradually increased till it reaches the magnitude i, 
at which the body just begins to move. In this 
position of the plane, let P the weight of the body 
applied at its centre of gravity C, and represented 
by CF, be resolved into the two components ^m 

CG = P cos i, and CE = P sin i, H 



the one perpendicular to the plane, the other paral- 
lel to it. The first will obviously measure the pres- 
sure of the body upon the plane ; the second, its 
friction. If now while the surface in contact with 
the plane remains the same, the weight P, and 
hence the pressure P cosi, be made to vary, the 
angle of inclination at which the body begins to 
move will be found to be unaffected, retaining c 
stantly its first value i : whence we infer, 

1^. ThcU the friciion is directly proportional to the p 
lurt. 
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.Denoting the friction by jP, the pressure by P', 
and the ratio of the two by /, we have 

F 

and F=:P' X tange = P' Xf. 

The angle z is called ike angle of friction^ and the con- 
stant / the coefficient of friction. The latter expresses 
the friction for the unit of pressure, and is taken as 
the measure of friction. 

If the body MN be a polyhedron whose faces are 
unequal in extent, but equally polished, the angle i 
at which it will begin to move will be found to be 
the same, on whichever face it may rest upon the 
plane : whence it appears, 

2°. Thai the friction is independent of the extent of the 
surface in contact 

It is also found, 

3^. That the friction is independent of the velocity ; that 
is, that the friction is the same, whatever the velo- 
city with which the one surface moves over the 
other. 
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OF THE BECnLDJEAB MOnOS OF i MATERIAL POKT. 

I. Of nnifonn rediUnear motion. 

1. Uniform rectilinear motion is that in which a 
material point, moving in a right line, passes over 
equal spaces in equal times. It is the simplest kind 
of motion, and takes place whenever a body is acted 
upon by an impulsive force, and then abandoned to 
itself 

The velocUy of ike point is the space which it describes 
in the interval of time arhiirarilr/ cJwsen as the umt. It 
evidently expresses the rate at which the point 
moves. 

If the velocity be denoted by v, then 

The space described at the cud of the lat unit of (Jiue, is v. 



3t», 



and denoting the whole space by s, we have 



J 1. From the preceding equation, we get 



from which it appears, that in uniform motion, the 
vejociti/ is l/ie ratio of the space described to the time em- 



§ 2. If we denote by a' and s" the spaces passed 
over in the times t' and i" by two points moving 
uniformly with the velocities v' and v", we have 



and hence «' = «" — "''' : ""'"; 

that is, the spaces described are as the products of the times 

hy the velocities. 

When the times are equal, we have 



I 



or the spaces as the velocities. 

When the velocities are equal, we have ' 



r the spaces as the times. 
When the spaces are equal, we have 



or the times inversely as the velocities. 

2. A more general form may be given to equation 
[1], Thus [Fig. 1] suppose the material point to be 
moving on the line AB from left to right, with a 
velocity v, and denote by s its distance at any instant 



d 



from the point O arbitrarily assumed on AB, and let 
the time t be reckoned from the instant at which the 
point is at 0'; then when the point is at D to the 
right of 0', we have 

OD = 00' +0'D. 
or, putting, t)0' = b. 



s = f( + 5 [2] 

In this equation, the variables s and t may be either 

positive or negative. The positive values of i refer 
I to times posterior to the instant at which the point 
' is at 0'; the negative values, to times anterior to 

the same instant. The positive values of s must be 

reckoned from to the right ; the negative values, 

from O to the left. 

In this general form, the equation will enable us 

to determine, at any instant whatever, the position 

of the material point on the indefinite straight line 

AB. 

If vfe suppose another material point to move in 

the line AB with a velocity v\ and to be at 0" at the 
' instant at which the first point ia at 0', its motion 

will be determined by the equation 

s' = v't + b'i [3] 

s' denoting its variable distance from 0, and b' the 
distance 00". 

By means of equations [2] and [3], any problem 
may be solved, which depends upon the relative 
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motions of the two pointp. Thus, to determine ■when 
the two points %vill meet each other, in which c 




and hence ' = -^^^,. 

II. Of motion uniform^ vmied. 

3. A force which ads teithont intei-mission, and wUh s 
constant itdensit//, is called a constant accelerating force. 
The motion of a material point, subjected to the 
action of a constant accelerating force, is called a 
uniform^ varied motion. 

Let a material point be supposed to be acted upon 
by a constant accelerating force : then if at any 
instant the accelerating force cease to act, the motion 
will evidently become uniform, and the point will 
move with the velocity which it had at that instant. 
Hence in motion uniformly varied, the velocity at 
any instant is the space which the point would 
describe in any succeeding unit of time, should the 
accelerating force at that instant cease to act. The 
velocity evidently depends upon the intensity of the 
force, and the time during which it has been acting. 

Since a constant accelerating force acts at every 
instant with the same intensity, it must generate 
equal velocities in equal times. We assume as the 
measure of a constant acceleraiing force, t/ie velodlt/ ivhich 
it genercdes in the unii of time. 
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Let lis now suppose a material point to move from 
a state of rest, under the action of a constant acce- 
lerating force, of which the intensity is denoted by 
ff; and let us seek the velocity v, and s the space 
described, at the end of the time t* 

To facilitate the investigation, conceive the time 
■ divided into an infinite number of infinitely small 
equal intervals, or iiistanis ; and suppose the force to 
act upon the point at the commencement of each 
instant, communicating to it, at each repetition of its 
action, an infinitely small velocity. Then during 
each instant the motion will be uniform, and the 
variable motion will be resolved into a aeries of 
uniform motions. 

Denote by n the number of instants in a single 
unit of time, and by k the number of instants in the 
whole period t ; then 

k- = nt. 

Also let i equal the space which the point describes 
during an instant, in virtue of the constant velocity 
which the force communicates to it at the beginning 
of each instant; then the spaces described by the 
point during the successive instants of the time t, 
will be 



», 2i, 3t m, .... Id [4] 

If at the end of the first second the accelerating 
force should cease to act, the point, having during 

•The time t \a given in terms of the unit of time ; that i.=, if the 
seoond be taken as the unit, t denotes a certuiii nuiuher of seconds. 



the nth instant described the space ni, would, onrag 
the following second, describe the space n.ni= n'i; ^ 
and this heing the velocity communicated during 
the preceding second, or the measure of the accele- 
rating force, we shall have 



If at the end of the time t we suppose the accele- 
rating force to cease acting, the point, which in the 
ytth instant has described the space h, will, in the 
following second, describe the space n x ki = nld; 
and this will be the velocity acquired at the end of 
the time t. Denoting this by v, we shall have 



but 
hence 



V = nHt 
= gi... 



To find the space s, we have only to determine 



the sum of the serie8 [4] : we thus have ''-[ 



but k being infinite, {1 -i- Ic) becomes &, and we have 






= 3?*^- 



■[6] 



4. We have supposed the material point to be at 
rest when the accelerating force begins to act upon 
it : if we suppose it to be in motion, and to have 
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already described a space b with a constant velocity 
a, we shall have the more general equations 

V — a + gt, [7] 

s:=^h + at + \gt^ [8] 

If the accelerating force act in the direction oppo- 
site to the primitive impulse, g must be affected with 
the negative sign. The motion in this case is said 
to be umformly retarded. 

If we suppose g =^0y the equations are reduced to 
those of uniform motion. 

5. If a material point, moving from a state of rest 
under the action of a constant accelerating force y, 
describe the spaces s and 5' in the times t and fy and 
acquire the velocities v and v\ equations [5] and [6] 
give 

V = gt, v' = gt' ; 
8^\gt\ s'=^lgt'^; 

and hence we have the proportions 

<2 : t'^, 



8 : s' 



V : v' 



V : v' 



t : t\ 

that is, in motion urdformJy accelerated^ the spaces described 
are as the squares of the timeSy and the velocities acquired 
are as the times^ or as the square roots of the spaces, 

6. If in the equation s = i^gf, we make 2^ = 1, we 
get 
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that is, the velocity acquired in the unit of time ii 
equal to twice the space described during that tim&ij 
and hence, as the unit of time is arbitrary, it followil 
that a constant accelerating force communicates to a r 
rial point, in any Ume whatever, a vehctiy equal to imce t 
space which it causes ike point to describe in the same time. 

7. It can be shown by direct experiment, that 
bodiea, near the surface of the earth, fall with a uni- 
formly accelerated motion. Terrestrial gravity may 
therefore be considered a constant accelerating force ; 
and hence equations [7] and [8] may be employed 
to determine the circumstances of the motion of fall- 
ing bodies. To find the numerical value of <?' when it 
represents the intensity of gravity, we have recou 
to an indirect process, which will be explained hert 
after. It has thus been found, that in the latitud^ 
of the city of New- York, the second being c 
unit of time, 

y - 32,1598 feet, or nearly 32i feet. 

8. If from the equations 

s = yt^ and V = gt, 
we eliminate i, we find 



'> = V2?5,. 



.[9] 



an equation which gives the velocity acquired in 
falling through a given height, or, as it is usually 
expressed, the vehcity due to a given height 



i 
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To determine the time in which a body will fall 
through a given height, we have the equation 



t 



=7? ™ 

9. To determine the circumstances of the motion 
of a body projected vertically upwards : in equations 
[7] and [8], we make & = 0, and ajffect ff with the 
negative sign ; we thus get 

V = a — gt [a] 

8=:at—^t^, [b] 

in which a denotes the velocity of projection. 

To find the time during which the body is ascend- 
ing : in equation [a], we make v = ; we thus get 

a 

t = —. 

9 

To find the greatest elevation of the body, we 
substitute this value of t in equation [b] : we thus 
get 



a2 



*=¥ 



The body having attained its greatest elevation, 
to find the velocity which it will acquire during its 
descent : in the equation v = ^2^ we substitute for 

8 the expression ^ ; we thus get 



r = a. 



From this last result, it appears that the velocity 
acquired during thefaU is equal to the velocity of projection. 
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10, ^ force acting tdifiout intermiission, and consiadln 
varying in iniensilg during the time of its action, accord- 
ing to some lata, is called a variable accelerating force. 

The velocity of a point moving under the action 
of a variable accelerating force, is measured in the 
same manner as in motion imiformly varied. 

The measure of the intensity of a variable accele- 
rating force, at any instant, is the velocity which it 
would generate, should it act during the unit of time 
with the intensity which it has at that instant. Thus 
a point being in motion under the action of a varia- 
ble accelerating force, to determine the measure of 
the force at the end of the time t, conceive the force 
at that instant to cease varying, and to act during 
the succeeding second with the intensity which it 
haa at that instant ; the velocity acquired by the 
point during the second is the measure of the force. 
Let this velocity be denoted by P; then the velocity 
acquired during the infinitely small interval of time 
i', immediately succeeding t, is evidently ft' ; and 
denoting this velocity, which is also infinitely small, 
by v', we have ft' = v', and hence 



For the case of a constant accelerating force, 
have 






Hence the measure of an accelerating force is the 
same, whether it be constant or variable ; only in 




DYNAMICS. 113 

the latter ease the time and velocity, of which the 
ratio is taken, are inOnitely small. 

Experiments made near the surface of the earth 
indicate, as already remarked, no variation in the 
intensity of gravity at different points of the same 
vertical. A more extended induction, however, 
shows that gravity is really a variable force. The 
general law is, as will be seen in a subsequent 
article, that the intensity of gravity depends upon 
the distance of the point at which it acts, from the 
centre of the earth ; the intensities at any two points 
of the same vertical being inversely as the squares 
of the distances. It can be shown, by a very simple 
calculation, that according to this law, the motion of 
a falling body near the surface of the earth should 
not differ sensibly from a uniformly accelerated 
motion. 



OP THE MOTION OF BODIES UPOS INCLINED PLANES. 

11. The motion of a body placed on an inclined 
plane, and abandoned to the action of gravity, may 
evidently be reduced to that of a material point 
under the same circumstances.* 

To consider the motion of a material point on an. 

•It may bo proper to remark, that throughout tbo following pages 
the body whoso motion is the nuhjoct of inveBtigation is considered to 
be under tho influence of the enumerated forces alone- Thus, in the 
present case, it is aupposed hi he acted upon by gravity only, abstrac- 
tion being mado of irictjon and the resistance of the medium in which 
the motion takes place. 

J6 
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inclined plane, conceive the inclined plane to be 
intersected at right angles hy a vertical plane, and 
suppose the section to be represented by AB [Fig. 
2] ; and from A and B let the lines AC and BC be 
drawn, vertical and horizontal respectively. Denote 
the angle at B by z, and the height and length of the 
plane by h and I respectively. A material point, 
placed on the plane at A, will evidently describe the 
line AB. 

Suppose the point to be at M ; and let g, the inten- 
sity of gravity, be represented by the vertical MP, 
Let MP be resolved into the two components MR 
and MQ, the one in the line AB, the other perpen- 
dicular to it; the latter will be destroyed by the 
reaction of the plane, and the former will cause the 
point to describe the line AB. 

The angle MPE being equal to the angle at B, we 
have 

m. = g Bini. 
Thus the force which urges the material point down 
the inclined plane is of the same nature as gravity, 
differing from it only in intensity. If, therefore, in 
the equations of uniformly varied motion, 

c ^ fft, s ^ ^^^ and v = ■^/%g», 
we substitute g siui in place of g, we shall have, to 
determine the circumstances of the motion of the 
point, the equations 

v=gt^ini [11] 

'^hgt^^^i [12] 

,.= ^J^^i. [13] 
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If the point bo raatle to ascend the plane by an 
impulse in the direction BA, the motion will be 
determined by the equations 



a denoting the velocity due to the impulse. 

12, To determine the velocity acquired by the 
material point in describing the line AB, we have 

' the equation 

= ^\lBmi 
= V^^ 

But -/yp is the velocity which the point would 
acquire in falling through the height k or AC : hence 
it appears that a material point acquires the same 
velocity in descending the length of an inclined 
plane, that it would acquire in falling freely through 
the height of the plane ; and, consequently, that if 
several material points, setting out from the same 
point A [Fig. 3], and moving on different inclined 
planes, describe the lines AB, AB', AB", on arriving 
at the points B, B', B", situated in the same horizon- 
tal plane, they will all have acquired the same velo- 
city. 

13. To find the relations of the times t and t' 
employed in describing the lengths I and i' of two 
inclined planes of which the heights are /* and A', 
we get from equation [12] 



-y' 



"i?A' 



and hence ( = — ^ — —. 

Hence, for the second plane, we have 

.= J' ^; 

and consequently we have 

, _ I _ I' 
' '• ' '■'■ ^A ' Vf>'' 

that is, the h'mes emphi/ed ly two maicrtal points in descrih' 
ing two different inclined planes, are as the lengiks of the 
planes divided hy the square roots of the heights. 

14. Let AB [Fig. 4] represent the line described 
by a material point in descending an inclined plane ; 
and from D any point whatever of the altitude AC, 
draw DE perpendicular to AB. Then denoting the 
angle at B by i, and by i the time in which a mate- 
rial point will describe the line AE, we have [equa. 
121 





AB = Jjl' Bin 


but 


AE = AD . «i. 


hence 


\gt^ sin ! = AD . sin 



I 



Again, denoting by t' the time in which a material 



J 



point will describe the line ED, wc shall find by a 
eimilar operation, 



But J— is the expression of the time [eqna. 10] in 

which a material point, moving freely, will descend 
from A to D ; and the point E is in the circumference 
of the circle described on AD as a diameter: hence 

a material point, moving in the plane of a veHical circle, will 
describe any ckord draivn from either extremity of the ver- 
tical diameter, tn the same time that U will describe the dia- 
meter itself. 



OP THE MOTION OP A MATERIAL POINT ON A GIVEN cnRVE. 

15. From any point M [Fig. 5] of the circumfer- 
ence of a circle ABD, let the straight line MP be 
drawn perpendicular to the diameter AB ; then 



If we suppose the arc BM to be infinitely small, we 
shall have PM infinitely small with respect to AP, 
and hence PB infinitely small with respect to PM; 
that is, PB will be an infinitely small quantity of the 
second order. But PB is the versed sine of the arc 
BM; hence the versed sine of an infinitely small arc 
is an infinitely small quantity of the second order. 

16. Let AB, BC [Fig. C] be two contiguous sides 
of the perimeter of a polygon ; and let a material 
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point, which is constrained to describs this perimeter, 
be supposed to have arrived at B with a velocity v. 
Let V be represented by BD a portion of AB pro- 
duced, and be resolved into the two velocities BN, 
BM, the one in the direction of BC, the other per- 
pendicular to it : the latter is destroyed by the reac- 
tion of the side BC ; the former is the velocity with 
which the point describes this side. 

The velocity lost by the point in passing from the 
Bide AB to BC is evidently equal to BD — BN. But 
denoting the angle NBD by ii, we have 

BN = t'coaiz; 

hence we have 



the velocity lost = 



Kl-™«) 



If now we suppose the given polygon to become 
a polygon of an infinite number of infinitely small 
sides, or a curve, the angle n, which any side makes 
with the adjacent side produced, will become infi- 
nitely small; and hence (Art. 15) the velocity lost 
in passing from the one side to the other will be an 
infinitely small cLuantity of the second order. When, 
therefore, a material point is constrained to describe 
a curve, under the action of either impulsive or 
accelerating forces, it retains all the velocity which 
is communicated to it in a direction tangent to the 
curve; for since the velocity lost at each angle of 
the polygon is an infinitely small quantity of the 



J 



second order, the whole velocity lost in passing over 
a curve of finite length cim only be the sum of an 
infinite number of infinitely small quantities of the 
second order, that is, an infinitely small quantity of 
the firat order. 

IV. Let ABCD, etc. [Fig. V] be a vertical curve, or 
polygon of an infinite number of infinitely small 
sides ABjBC, CD, etc. ; and let the sides be produced 
to meet the horizontal line KH in A, E, H, etc. Then 
a material point starting from A, and constrained to 
describe the perimeter ABCD, etc., under the action 
of gravity, will have, when it arrives at the point B, 
the same velocity as if it had described the line EB 
[Art. 12] ; and as by the preceding article it loses no 
velocity in passing from AB to BC, when it arrives 
at C, it will have the same velocity as if it had 
described the line EC. In the same way it may he 
shown that at D it will have the same velocity as if 
it had described the line HD, or the vertical GD. 
Hence, generally, a material point which descends 
under the action of gravity, along a vertical curve, 
has, at any point whatever, the same velocity as if it 
had fallen freely from a height equal to that of the 
arc described. It is also evident that this velocity is 
independent of the form of the curve ; so that several 
material points, setting out from the same point 
[Fig. 8], and describing in the descent different 
curves OM, OM', OM", etc., will, on arriving at the 
same horizontal plane MM", have the same velocity. 
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18. Let AMA' [Fig. 9] be a curve, symmetrical 
with respect to the vertical MG,in which the points 
A and A' are in the same horizontal linSj and TT' is 
the horizontal tangent; and suppose a material 
point, placed on the curve at A, to be abandoned to 
the action of gravity. It will acquire, in descending 
to the point M, a velocity due to the height GM, 
andj in virtue of this velocity, will rise in the branch 
MA'. But the velocity with which it will describe 
the arc MA' will be constantly diminished by the 
action of gravity, and evidently in such a manner 
that, at any point, as m', its velocity will be the same 
that it was at hi, m and m' being in the same horizon- 
tal line : hence at A' its velocity will be reduced to 
zero. From A' the point will descend to M, ancL 
acquire as before the velocity due to the height GM ; 
and this velocity will just serve to carry it back to 
the point A from which it set out, and thus it wili 
continue to oscillate for an indefinite time between A 
and A'. Since any element of the curve is described 
with the same velocity, whether the point is ascend- 
ing or descending, it is clear that the time of tbe 
ascent in either of the branches is equal to the 
time of the descent in the same branch : it is also 
evident that the two branches are described in equal 
times. The point will therefore occupy the same 
time in going from A to A', as in returning from A' 
to A; and thus all the oscillations will be made in 
equal times. Oscillations which are thus made in 
equal times, are said to be isochronous. 




OF TIIE SIMPLE PENDDLPSI. 

19. A pendulum ia an apparatus consisting of a 
solid body attached to one extremity of a rod, 
through the other extremity of which passes a hori- 
zontal axis, about which the whole system ia capable 
of oscillating. 

When the vertical, drawn through the centre of 

gravity of the system, meets the axis of rotation, the 

pendulum ia at rest ; but if it be removed from this 

I position, and abandoned lo the action of gravity, 

I it makes a series of oscillations, which may be 
shown to be isochronous, and consequently may be 
, employed to measure time. Such a pendulum ia 
called a compound pendulum. To acquire a knowledge 
of its properties, we firat investigate those of a purely 
ideal pendulum, called the simple pendulum. In this 
, pendulum, the solid body of the compound pendulum 
ia supposed to be reduced to a heavy material point, 
and the rod to a line inextensible and inflexible, and 
without gravity. 

Let CB [Fig. 10] be a simple pendulum, suspended 
I at C ; and let it be withdrawn from the vertical posi- 
i tion CK, and made to assume the petition CB. Let 
' the intensity of gravity, represented by BN, be re- 
solved into the two components BQ and BP,the one 
in the direction of CB, the other perpendicular to it. 
, Of these two components, the latter alone communi- 
j catea motion to the pendulum, the former expend- 
|i ing itself in producing a pressure upon the point C. 



The case is then precisely similar to that of a heavy 
material point compelled to describe a curve, the 
reaction of the fixed point taking the place of the 
resistance of the curve. 

Suppose the pendulum, or material point, to have 
already descended from B to M [Fig. 11], and to 
have acquired in the descent a velocity u. Draw 
the horizontal line BD, and the vertical diameter 
HK. Also from the extremities of the arc MM', sup- 
posed to be infinitely small, draw MP, M'P' perpen- 
dicular to HK; and on AK as a diameter, describe 
the circumference ANO. Draw also M'O' perpen- 
dicular to MP, and join C and M'. 

Let AP' = :c, M'P' = y, PP' = «, AK = S, 
M'C = I; and denote the time in which the pendu- 
lum descrihes the arc MM' by f. 

On account of the smallness of the arc MM', we 
may suppose the velocity (zt) not to vary while the 
point passes from M to M' : hence we immediately 
have 

, MM' 



But the triangles M'CP', MM'O', having their aidi 
mutually perpendicular, are similar, and give 
M'P' : M'C : : M'O' : MM' ; 
M'O' X M'C 



and hence MM' : 



PP 



: M'C 



\ 



and [Art. 17] 



A 




or ff = V C*-^J X (2f— C6— x)); 

and if we suppose the oscillations of the pendulum 
to be made in very small arcs, (6 — x) may be 
neglected in comparison with 21, and we shall have 



y = V ib-x) 11. 
Substituting this value of y in the expression for t', 
"we get 






»') 






^^{b—x) 

But, applying the result contained in equation [c] to 
the circle ANKO, we get 

UN' = P^' X i^^ ^ PP^ X ^ AK _ \bs 

N'P' ~ ^AF X FK ~ ^T(b—x)' 
and hence we have 

Jl NN' 
■/? b 

Now for the time of describing each of the indefi- 
nitely small arcs composing the finite arc BMK, a 
similar expression may be found ; thus, for i" the 
time of describing the indefinitely small arc M'M", 
we should get 

,/l N'N" 

Vj ^ 6 ■ 



Hence if wc denote the time of describing the whole 
arc BKD by T, we shall have 



\T = 



arc ANK 
= — i— ■ 



■ ^9' 



• [li] 



V being the ratio of the circumference of a circle to 
its diameter. 

From this expression, it appears that when a pen- 
dulum oscillates in very small arcs, the time of an 
oscillation is independent of the height AK which 
determines the extent of the arc described; and 
hence that oscillations of small extent will be iso- 
chronous, though the amplitudes should vary. 

20. Let I and i be the lengths of two pendulums 
which oscillate in the times T and T', under the 
action of gravity of different intensities denoted 
respectively hy g andy'; then we shall have 



and hence T 






•M 



that is, the times of oscillaiion are directly as the square 
roots of tJie lengths of the pendulums, and inversely as the 
square roots of the ii^etisities of gravity. 

S 1, If the intensities of gravity are the same, we 



have 



T : T :: yfl : y}V ; 



J 



and if n and n' denote the number of oscillations 
made by the two pendulums in a given time k, then 



and 1. : ± ,: ^l : ^/-. 

Or «'" : 71^ : : ; : I; 

^ni 1 = ^^.1'. 

'By raeang of this equation, we can calculate for' 
any place the length of the pendulum which will 
Xuake a given number of oscillations in a determinate 
time, when we know the number of oscillations which 
a pendulum of given length makes at the same place 
in the same time. Any small error that may be 
made in determining the time /c, may be rendered 
insensible by taking n the number of oscillations suf- 
ficiently large. It is thus that the length of the 
secondg pendulum in the latitude of the city of New- 
Tork, that is, the pendulum which in that latitude 
makes 86400 oscillations in a mean solar day, in 
vacuo, has been found to be 

39,i°10168, or 3,ft-25847. 
§ 2. The measure of the intensity of gravity 
(already given, Art. 7), may now be found. Por this 
purpose, we employ the equation 

From it we get ? = '^^^^ ; 



126 ifEcfuinca. 

and making ^=1". « = 8,1415926. and / =39,'° 1016! 



we find 



= ass,'" 9183 = 32," 1, 



The value of I, and consequently that oft/, has be 
found to vary with the latitude of the place. 

§ 3. If we suppose the lengths of the two pendu- 
lums to be equal, proportion [dj becomes 

T : T' :: ^g' : Vsi 
and denoting by n and n' the number of oscillations 
made by the pendulums in any given time, we have 
«':*»:: ^g' : y/ff, 

or (? : j" : : n" : n" ; [e] 

that is, the irUensUies of gravitf/ at any two places arc to 
each other as the squares of the mimher of oscillations made 
ai the places in any given time, either hy the same pendulum, 
or hy two pendulums of equal lengths. 

5 4. The two pendulums being still supposed equal 
in length, if we denote by n the number of oscillar 
tions which they make in the times k and k', we 
have 

2'=-. and r'=-; ■ 



and hence 



or g : g- :: k'^ : P [f] 

That is, the intensities of gravity at any two places are 
inversely as the squares of the times employed in maMng 
the same number of oscillations. 

From either of the proportions [o] and [f], it ap- 
pears that by causing the same pendulum to oscillate, 



) osculate^ 



at places in different latitudes, the rclntive intensi- 
ties of gravity at these places can be obtained. It 
has thus been found that the intensity of gravity 
increases as we proceed from the equator towards 
the poles. The relation between the ellipticity of 
the earth, and the intensity of gravity at different 
points of its surface, is such that the one can be found 
by means of the other : experiments with the pen- 
dulum thus furnish a means of determining the figure 
of the earth. 

The principle expressed in these proportions is 
also employed to determine the law of the intensi- 
^ties of the electric and magnetic forces. 



OF CENTEAL FORCEa. 

21. Let a material point be supposed to be in 
motion, in virtue of a primitive impulse, and an acce- 
lerating force which constantly solicits it towards a 
fixed point. Let the accelerating force be supposed 
to act at infinitely small equal intervals, or instants; 
communicating to the point, at the commencement 

, of each instant, an infinitely small velocity. Let C 
[Fig. 12] be the fixed point through which the direc- 

. tion of the accelerating force constantly passes; and 
suppose the material point to be moving in the line 
MN,with a velocity which would cause it to describe 
the infinitely small space M'N in an instant. When 

' the point arrives at M', let the accelerating force be 




supposed to communicate to it n velocity which, 
were it at rest, would cause it to describe the space 
M'G in an instant; then the point will describe, dur- 
ing the instant, the diagonal M'M" constructed on 
M'N, M'G. Arrived at M", the point, if left to itself, 
would move in M'M" produced, and in the following 
instant describe the line M"N' equal to M'M"; but 
at M", the accelerating force again acts; and if we 
represent the space which it alone would cause the 
point to describe in an instant by M"G', we shall 
have M"M"' for the space actually described during 
the instant. It may thus be shown, that as long as 
the accelerating force continues to act, the point will 
move on the perimeter of a polygon, the sides of 
which, being infinitely small and all in the same 
plane, form a plane curve. The plane of the curve 
is evidently that which contains at the same time 
the fixed point, and the direction of the primitive 
impulse. 

The velocity of the point, at any instant, is th< 
space which it would describe in the direction of the 
element of the curve in which it is then moving, 
should the accelerating force at that instant cease to 
act. 

The line drawn from the fixed point C to the posi- 
tion of the material point at any instant, is called 
the radius vector. 

22. The areas described by the radius vector, in any 
two consecutive instants, are equal. For the trian- 
gles M'CM", M"CN' having equal bases in the same 
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straight line and a common vertex C, are equal ; and 
BO also are the triangles M"CN' and M"CM"', which 
have the same base M"C, and their vertices situated 
in the same straight line parallel to the base. Hence 
the triangles M'CM", M"CM"', that is, the spaces 
described by the radius vector in two consecutive 
instants, are equal. But the areas in any two conse- 
cutive instants being equal, the areas described in any 
two equal intervals of time must also be equal, since 
each interval contains the same number of instants; 
and, hence, generally, the areas described in any two 
intervals of time are proportional to the intervals. 
Thus when a malerial poini describes a curve, in virtue of a 
prirmtive impulse, and an accelerating force wMck consiatdly 
soVxils it iowai'ds a fixed point, the areas described by the 
radius vector are proportional to the times employed in 



Conversely, when a material point, loMch describes about 
a fixed point a plane curve, moves so t/iat the radius vector 
describes areas proportional to the times, the directimi of the 
aeeelerating force constantly passes through the fixed point. 

For, employing the preceding figure, let C be the 
fixed point and M'M", M"M"' the infinitely small 
spaces described in two consecutive instants ; then, 
since the areas are proportional to the times, we 
have the triangle 

CM"M"' = CMW. 

But if, at the beginning of the second instant the 
accelerating force should not act, the material point 
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would describe the line M"N' in M'M" produced, and 
equal to M'M"; this force then must [Statics, Art. 9] 
be equal and parallel to N'M'". But the triangle 

CM'M" = OM"N' ; 
therefore, CM"M"' = CM"N'. 

and hence the line N'M'" which joins the vertices of 
these triangles must be parallel to the common base 
M"C: consequently the accelerating force at M" 
must act in the direction M"C. 

23. Conceive a material point at M [Fig. 13], to 
be connected with a fixed point C by a thread MC 
inextensible and without mass, and suppose it to 
receive an impulse in the direction MT at right angles 
to MC. In virtue of this impulse, it will describe 
the circumference of a circle of which the fixed point 
is the centre and MC the radius; and during the 
motion, the thread will suffer a certain tension in 
the direction of its length. But if we suppose 
applied to the point an accelerating force equal to 
this tension, and constantly directed towards the 
fixed centre C, we may consider the string with^ 
drawn, and the point to be moving freely under the 
action of the primitive impulse and the accelerating 
force. Then as the areas described by the radius 
vector CM, in equal times, will be equal [Art. 21], 
the arcs described in equal times will also be equal, 
and the motion of the point will be uniform; and if 
we denote the velocity of the point by v^ and by t 



tiles 
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> described during the time t, we ehall have 



Let MN be the arc described by the material point 
daring the infinitely small interval t', and denote the 
velocity of the point as before by r ; then MN = vt'. 
The arc MN being infinitely small, the direction of 
the accelerating force may be supposed to remain 
parallel to MC while the point moves from M to N ; 
and hence during the time f this force may be 
regarded as constant in direction, as well as in inten- 
sity. If then the accelerating force were to act alone 
tipon the point at M, it would cause it to describe 
the line MO during the time t' ; and hence denoting 
the force by/, we shall have [Equa. 6] 
MO = i/V=. 

Bat considering the arc MN as coinciding with its 
chord, we have 

MO X MD = MN", 

and hence MO = ^^ -, 

and denoting the radius MC by r, and substituting 
for MN its value vi', we have 



Hence we have 



MO 



v't" 



and -^^V f^^l 

The tension of the string to which the force/ is 
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equal and opposite, is called the eentnfvgal force^ and 
f itself is called the ceidral or cetdripctal force ; each 
having for ita measure the square of the velocU/f divided 
by the radius of the circle. 

We have considered the radius CM constant ; but 
we may suppose it to vary in length, so that the 
point shall describe any curve whatever. In that 
case the centrifugal force will vary from one point 
to another ; but at any point of the curve, it will he 
equal to the square of the velocity divided by the 
radius of the osculating circle. For, the osculating 
circle at any point coinciding for an infinitely small 
space with the curve itself, the material point may 
be considered as moving, at each point of the curve, 
on the arc of the osculating circle at that point. 

24. To find the relation between gravity and the 
centrifugal force, when the material point revolves 
on the circumference of a circle, let h be the height 
from which a body must fall in order to acquire the 
velocity v ; then v^ = 2gh, and substituting the value 
of y in equation [15], 



we find 



d 



That is, the cerdnfugal force is to gravUy, as twice the 
hdgM due to the vehciiy of the material point, is to the 
radius of the drcimiference described hy the point. 

25. If we denote by T the time in which a mate- 
rial point, moving uniformly with a velocity v, wil 



ity V, wi]^_ 



describe the entire circumference of a circle of which 
Ui« radius ia r, we ehall have 



*«id substituting this value of v in the equation 



/ = 



!get 



4*^ 

= yra ■ 



Ifor a point which describes a circumference of which 
the radius is r', in the time T', we in like manner get 
4tV 



f = - 



and hence we have 

f ' f ■ 



.[16] 



That is, the ceniral forces ai the two cases are directly at 
the radii, and inverse^ as the squares of the times. 

26. An illustration of the foregoing results is fur- 
nished by the revolution of the earth on its axis. 
Assuming the figure of the earth to be that of a 
BpherCj let PF [Fig. 14] represent its axis, and the 
semi-circumference PEP' the terrestrial meridian of 
any place M on its surface. From the centre C draw 
CE perpendicular to PP', and draw MN parallel to it 
Draw also CM. Then as PEP' revolves, the point E 
will describe the equator, and M a parallel of lati- 
tude ; and as each circle is described in the same 
time, denoting the centrifugal forces at E and M by 
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/ and/', and tbe latitude of the place hy n, we shall 
have (proportion 16) 



or / : /' 

and hence /' =/. ooan [17] 

That is, the centrifugal force ai ar^ phce on iJie earths 
mrface, is equal to the centrifugal force at the equator, nail- 
tipUed htj ike cosine of tlie laliitide of the place. 

27. The effect of the centrifugal force due to the 
rotation of the earth, is evidently to diminish the 
intensity of gravity at all points of the earth's sur- 
face except at the poles. At the equator, the centri- 
fugal force and gravity are directly opposed to each 
other. Hence if we denote the intensity of gravity 
at the equator, as determined by observation, by^j 
the intensity which it would have, did the earth not 
revolve on its axis, by G, and the centrifugal force 
at the equator by/, we shall have 

j7 = G-/, andG=ff+/ 

The value of g has been found to be equal 
32,'^0861. The general value of/ [Art 25], is given 
by the equation 






i 

ven 

t 



and for the case in question, we have r, or the equa- 
torial radius of the earth = 20920300 feet; and T 
the sidereal day, or the time of the earth's revolutlop 
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on its axis = 0,997269 of a mean eolar day = 86164" 
of mean solar time j and, hence, by substitution, we 
get 

/= Oft-1112. [a] 

We thus have 

G = 32,10861 + 0,M112 = 82.M973 [h] 

28. Dividing equation [a] by [b], we get 

/ 0,"-1112 1 , , ^ 1 _ 

G = 32^1973 = 289' ""^ ^'""^^^ 289 ^■ 

that is, ai the egiiaior, the ceninfvgal force is the siwth of 
the itdensit!/ which gravity would have, had the earth no 
motion of rotation. 

29. At any point of the earth's surface, not on 
the equator, the directions of gravity and the cen- 
trifugal force are oblique to each other. Thus at M 
[Fig. 14], gravity acts in the direction CR, and the 
centrifugal force in the direction NO. To determine 
the effect of the latter in the direction CR, let the 
centrifugal force be represented by the line MO, and 
be resolved into the components MR, MQ, the one 
in the line CR, the other at right angles to it; then 
denoting the latitude of M as before by n, we get 

MR = MO.coan. 

But [equa. 17] MO =/' =/eoa«. 
and hence MB. =/eos'n; 

that is, the diminution of gravUi/, due to the centrifugal 
force at any place on ike earth's surface, is equal to the cen- 
trifugal force at the equator, muUipUed hy the square of the 
eome of the latitude of the place. 



Experiments with the pendulum show that the 
intensity of gravity at the poles exceeds the inten- 
sity at the equator by li-uth of G ; of this incrementj 
the liffth isj as we have seen, due to the centrifugal 
force ; the remainder ia accounted for by the sphe- 
roidal figure of the earth. 

30. As the centrifugal force depends upon the 
time of rotation, it may be proposed to determine in 
what time the earth should revolve on its axis, in 
order that the centrifugal force at the equator may 
be equal to gravity. For the solution of this pro- ^ 
blem we have recourse to proportion [16], ^E 

f ; f ..., S- : _!l. 

In this proportion we make r = r* = the equatorial 
radius of the earth, and we suppose T and T' to 
represent respectively the present and required 
periods of rotation, and/ and/' = G the correspond- 
ing centrifugal forces. We thus get 
/ : (J : : 7"' : ya^ 

and hence T' = /i . T; ^H 

or T' = Vji^. 7-= XT- 7"- 

Thus tJie required Unie is -srth of the present period of 



OF PROJECTILES. 

31. A body moving near the surface of the earth, 
in virtue of a primitive impulse and the action of 
gravity is called a projectile. lo what follows, we 
shall consider the projectile as reduced to a material 
point, and the motion to take place in a vacuum. 

Suppose then a material point, situated at A [Fig. 
15] to receive an impulse in the direction AD, and 
then to be abandoned to the action of gravity. Let 
the space which it would describe in an instant in 
virtue of this impulse be represented by AD, and let 
the effect of gravity during the instant be repre- 
sented by AE; then at the end of the first instant, 
the point will be found at E, having during the 
instant described the diagonal AB of the parallelo- 
gram constructed on AE and AD. 

Again, on AB produced, take BG = AB ; and on 
BG, and the vertical BF = AE, construct the paral- 
lelogram BFCG : at the end of the second instant, 
the point will be at C, having dej^cribed the diagonal 
BC. In like manner, during the third instant, the 
point will describe the side CH ; during the fourth, 
the. side HI, and so on. But each diagonal being 
infinitely small, the series of diagonals forms a curve ; 
and since each of the parallelograms has its conti- 
guous sides in the vertical plane which contains the 
preceding parallelogram, all the points of this curve 
are in the same vertical plane. This curve is called 
the irajeetory pf the material point. 
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32. To find the equation of the trajectory, through 
the point A [Fig. 16] from which the material point 
is projected, draw the axes AX, AT, horizontal and 
vertical respectively. Let AK be the direction of 
the primitive impulse, and denote the velocity due 
to the impulse by v. Let the curve descrihed be 
represented by AMC, and let M be the position of the 
point at the end of the time t. Draw MP perpendi- 
cular to AX, and produce it to M'. Put AP = 37, 
PM=^, and the angle M'AP = ». Then let the 
initial velocity v, represented by AM", be resolved 
into the components ■ 

AP' = V coai, and AQ = v sint. 
The material point may evidently be regarded as 
having two motions, the one parallel to AX, the 
other to AT. The motion parallel to AT is the 
same as that of a body projected vertically upwards 
with a velocity v sini; and hence we have [Art. 9] 

y = vBmit — ^gt' [18] 

The other is due to the horizontal component v cosi, 
and gives 



Substituting this value of ^ in equation [18] and put- 
ting 2ffh in place of v' [Art. 8, equa. 9] we get 

UyeoB^i = 4Aa; sin * coa * — a:' ; [19] 

and hence, 

h ainicoBi i V4A ooa' * (Aaiii* t— y). ■■••■• [20] 
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33. The distance from the origin A to the point 
C, where the curve interaects the horizontal line 
AX, is technically called the range. To determine its 
value, in equation [20], we make y — : we thus get 

AG ^ 4A sin i 008 i 

= 2A2aintooat 

= 2Asm2t. [21] 

This is the general expression for the range. 
"When i = 45°, or 2( = 90°, we have 

AG = 2A. 
This is evidently the maximum value of AC. Hence, 
for a given initial velocity, the range ia greatest 
when the angle of projection ia equal to 45°. 
Denoting this value of the range by R\ we have 



and hence A = — ; 

from which it appears that flm heigJd due to the initial 
veloeity is equal to half the maximum range. Hence, to 
determine h, we have only to measure the range 
when the angle of projection is 45°. 

34. Kesuraing equation [21] and denoting AC by 
Jt, we have 

S = 2/i sin 2i" ; 

and substituting for 2A its value R' we have 



an equation which gives the range corresponding to 
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any angle of projection, when the masimiira range 
for the same initial velocity is known. 

35. Let us now suppose two material points to be 
projected with equal initial velocities, and denote 
the angles of projection by i' and i", and the corre- 
sponding ranges by R'" and R'°, We have, equa. [21], 

B"> = 2Aiiin2i', 
-ff" = 2A wn2t"; 
and if ('" = (90° — i'), we get 

R" = 2AamC180° — 2.''} 
= 2Aain2i', 
and -ff'" = iP"; 

that is, token two material points are projected with 'e^iat 
initial velocities, at angles of projection icMch are comple- 
mentary to each other, the range is the same for each. 

36. From equation [20] we learn that the greatest 
elevation of the point, or the maximum value of ^, is 
Aein^i; for if ^ be greater than A sin" (^ the radical 
becomes imaginary. The value of a: corresponding 
to the maximum value of y, is 2h sin i cos i. Suppos- 
ing AE and ED to be these values, we have 




EB = A Bin= i. J 

37. If, when the initial velocity is given, it be 
required to determine what must be the value of the 
angle of projection, in order that the projectile may 
reach a given point N, for which we have 
* = AQ' = X'. and y = Q'N = j/'. 
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we have recourse to equation [19]. Substitutlug in 
this equation tbe given values of x and y, and divid- 
ing each member by cos^ i, we get 

ihy' = 4hx- ^ ^.; 



■we have ^Ap' = 4Aa:' tangt — x''—x'^ tang' i 



, , . 2A i; yfW—Uy'—x-" 

and hence tangt = — 

We learn from this equation, that in order that 
the problem may be possible, we must have 

4Ay' + x" < W ; 

and that when this condition is satisfied, there arc two 
directions in which the projectile may ie thrown, so as to 
reach the given point. 

38. The time employed by the projectile in 
describing any portion of the trajectory, may be 
found from the equation 

I = i; cos i t. 

39. In equation [19] the points of the curve are 
referred to the axes AX, AY. Let us now refer 
them to the axes DE and DY' [Fig. 17] drawn 
through D, the highest point of the trajectory, paral- 
lel to AY and AX respectively. Denote DR, the 
new abscissa of the point M, by ^ ; and MR, the 
new ordinate, by^': we have [Art. 36] 
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I COS! — y'. 



Substituting these values of x and ?/ in equation [19] 
4 Ay cos' i = ihx Bin i cast — x', J 



re have 

4A {k &ia' 
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: 4A (2Aaiaioo3i — y') siniooaj 
— (2A sin i cost — ff')' J 
or, reducing, 

4A^ Hin^ I C03^ i — 4A eoa' i a/ = 8A" Mn*» cos' i — 4A aini cos t y' 

— iA* sin' i cos' t + 4S sin t cos* y — j", 

and, by a farther reduction, 

y" = 4A cos^i x'. 
From this equation, it appears that the iraj'ector^ j 
a parabola, having Us vertex at D, and of which the j 
meter to the axis is Ah cos'^ i.* 



MEASURE OF F0KCE3. 

40. In article 8 of Part First, we have shown hoyj 
the intensities of forces may be represented by algei 
braic symbols ; and assuming the forces to act upoi)^ 
single material particles, we have also shown thalJ 
the spaces described by diflferent particles in 
same time, or their velocities, are directly propon 



* That the trajectory is a paraliola, may also 
the points of the curve to the obliq^ae co-ordii 
method in the text is employed, hecause it illustrates the simplifit 



shown hy referr 
obliq^ae co-ordinates AX, AK. 



which frequently resultfi &om a change of co-ordinateH. 



bnal to the intensities of the forces; and, con- 
versely, that the forces are directly as the velocities. 
Thus denoting the forces which act separately upon 
two material particles by/ and/', and the velocities 
■which they communicate to the particles by v and f', 
we have shown that 

»/:/'■.:'■■■■ V [a] 
1°. Let us now substitute for the particles, two 
bodies of equal masses, each body consisting of M 
particles ; and let us suppose each particle of the 
first to be acted upon by a force equal to/, and each 
particle of the second by a force equal to/'; the 
impulses being supposed to be given in the same 
sense, and in parallel directions. The bodies will 
evidently move with the velocities v and v' (all their 
particles describing parallel straight lines) ; and 
their motions may be considered as due directly to 
the resultants, equal respectively to Mf and J\^', of 
the M equal and parallel components which act 
upon the particles of each body. Denoting these 

^Hwaultants by Q and Q', we have 

^H Q = Mf,aadQ' = Mf ■ 

^^Bud hence 

|H>r, ec 



q : Q' 



Mf -. 
f ■ 



Mf 



.[b] 



S>r, equa. [a], Q • ' 

Thus amj two forces are to each otIt£r as the velocities which 

they would respectively commumcate to two bodies of the 
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same mass ; or, more briefly, johen the masses are equal, 
tlie forces are as the velocities. 

2^. Referring again to the two bodies, let ua sup- 
pose thein to have unequal masses, the one to have 
a mass in, the other a mass M; and let UB conceive 
each of their particles to be acted upon by a force 
equal to/. The bodies will evidently move with 
the common velocity v; and their motions may be 
considered as due to the resultants, equal to mf and 
Mf respectively, of the parallel components which 
act upon their particles. Denoting these resultants 
by F and Q respectively, we thall have 
F : Q :: mf : Mf 

"i •■ M. [c] 

Thus any two forces are to each other as the masses to 
which, if respeciivelf/ applied, they wovld communicate equal 
velocUies ; or, when the velocities are equal, the forces are as 
the masses. 

3°. Having ascertained the relation between the 
intensities of two forces, Isf, When the forces com- 
municate unequal velocities to equal masses, and, 
2d, When they communicate equal velocities to une- 
qual masses, we will now consider the general case, 
that in which the forces communicate unequal velo- 
cities to unequal masses. 

Let J* and F' denote the forces, m and m' the 
masses, and v and v' the velocities respectively. Also 
let Q and $' denote two auxiliary forceS; whose in- 
tensities are such that they would communicate to 
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two bodiea of the same mass 31 the velocities v and 
v' reapectively. 

We have [1° of this Art], 

Q : Q- :: V : f>'. 
We also have [2^ of this Art.], 

F : q :: m : M, 
F' : Q- :: m- : M; 

and eliminating the quantities Q, Q' and 31, we get 
F : F' :: mv -. m'v' [d] 

The product of the mass m of a body by its velo- 
city V, is called the quaniittj of motion of the body. 
Employing this term, the proportion just found may 
be thus enunciated : 

Any two forces are to each other as the quantities of motion 
wMch they looiild respectively generate during the same time. 

4:°. If in proportion [d] we suppose m' to become 
the unit of mass, and v' the unit of velocity, F' will 
become the force which will communicate to the 
unit of mass a velocity equal to the unit of velocity ; 
and if we take it for the unit of force, we shall have 

-f='"'' [e] 



mv being the ratio of the force -P to the unit of force. 
5°. If in proportion [d] we suppose I' = F', we get 
mv = m'v', and hence 



I 



^ = — M 

Thus the quantity of motion m'v' due to a force F 
being given, to find the velocity which the same 
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force would communicate to a body whose mass is 
m, we have only to divide the given quantity of 
motion by this raass. 

6°. The preceding relations are evidently true, 
whatever the nature of v : whether it be a finite 
velocity, due to a force of the kind called impulsive ; 
or an infinitely small velocity, such as we conceive a 
force acting at infinitely small intervals, like gravity, 
to communicate at the commencement of each inter- 
val; or, lastly, whether it be the finite velocity pro- 
duced by the latter kind offeree (that is, an accele- 
rating force) acting during a given time. 

Reserving v to denote the velocity due to an 

pulaive force, and employing 9 to denote the velocity 

due to an accelerating force acting uniformly during 

the unit of time, we shall have, for the two cases, 

^=^^-- W 

F = mip [k'] 

If in these equations we make m = 1, we get ■ 

F=v, F=i^; \ 

and F becomes in each case the force which acts 
upon a material particle, or the unit of mass. For 
the sake of brevity, ip is commonly called the accele- 
r<Mng force; and im the general expression of F in 
equation [k'], is called the moving force. 

41. Nature of an impulsive force. 

"We learn from experiment, that in all cases of 
collision, the bodies concerned suffer a sensible com- 
pression, of greater or less extent, according to their 
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degree of hardness. This compression is evidently 
effected in a finite, though very short time, and by 
infinitely small degrees. Hence in the production 
of motion by an impulsive force, we may conceive 
the transmission of the motion from the one body to 
the other also to take place by infinitely small de- 
grees. Thus in this case, as in that of an accelerat- 
ing or moving force, we may conceive the time dur- 
ing which the force acts, to be divided into an infi- 
nite number of instants, and suppose an infinitely 
small velocity to be communicated at the commence- 
ment of each instant; the essential difference in the 
two cases being that the infinitesimal velocities com- 
municated by the impulsive force must be supposed 
to be vastly greater than those communicated by 
the moving force. An impulsive force 7nay therefore he 
regarded as a moving force, acting for a very short time, 
milk a very great intensity. Since then the finite im- 
pulse given by an impulsive force may be supposed 
to be made up of an infinite number of infinitely 
email impulses, we may simplify our first notion of 
the mode of action of a force (Art. 2 of Statics), and 
say that the action of a force may always be con- 
ceived to consist in communicating to the particles 
of the body on which it acts, infinitely small impulses 
of greater or less intensity. 

42. To give a simple example of the application 
of some of the preceding results (Art. 40), let m and 
ni' denote the masses of two bodies, suspended at 
the extremities of a cord which passes over a fixed 
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pulley, and let the velocity which gravity will com- 
rauoicate to the bodies during a unit of time be de- 
doted by ^. The moving forces put in operation by 
this disposition of the bodies will be mg and m'g\ 
and supposing m > tri, their resultant will be mg—m'g. 
This resultant, acting upon the euni {in 4- m') of the 
two masses, will cause the one body to descend, the 
other to ascend; and the velocity g' which it will 
communicate to the system in the unit of time, will 
be given (5'^ of this Art.) by the equation 



The simple arrangement just considered, is the 
skeleton of a machine called, from the name of its 
inventor, Atwood's machine; in which, by rendering 
the difference between the masses sufficiently small, 
the motion of the bodies is rendered so slow that the 
velocity acquired, and the space described, in any 
given time, can bo determined by actual observation. 
It has thus been found that bodies near the surface 
of the earth fall with a uniformly accelerated motion, 
and hence that terrestrial gravity is a constant accele- 
rating force. 



PRINCIPLE OF D ALEMBERT. 



constantly 



43. In the preceding sections, we have constantly 
supposed the body whose motion was the subject of 
investigation, to be reduced to a single materia t 
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Rnt. We purpose now to consider some of the 
more elementary cases of the motion of systems of 
points, or bodies of sensible raagnitude. But the 
student must first be made acquainted with a general 
principle of great utility in the solution of problems 
of dynamics, called, from the name of its discoverer, 
the principle of VAlemhert. 

Let A, A', A", A"', etc., be ii system of material 
points, connected with each other in any manner 
whatever, and acted upon by the accelerating forces 
/, /', /",/'", etc. respectively. The velocities which 
the points -rtill actually acquire in an infinitely small 
time or iiistant, under the action of these forces, will, 
in consequence of their mutual connexion, be differ- 
ent in both intensity and direction from those which 
they would acquire were they free. Thus if the 
velocity which / would communicate to A [Fig- 18], 
in an instant if that point were free, be represented 
by AC, the velocity actually acquired by A will, in 
consequence of the connexion of the points of the 
system be different from AC and may be represented 
by some other line AD. Let the velocity AD be 
considered a component of AC, and let the paral- 
lelogram ABCD be completed : we shall then have 
the velocity AC resolved into the two velocities AD 
and AB. To distinguish these velocities from each 
other, we call AC the impressed velodi?/, AD the elec- 
tive velocity, and AB the velocity lost. Let the velocity " 
which/ would communicate to A in the unit of time 
if i t were free, be denoted by n: then the velocity 
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which it would communicate in the instant i', or the 
impressed velocity, will be expressed by ui' \ and if 
we denote the components of v by q and f, the effec- 
tive velocity and the velocity lost will be expressed 
by 5/' and fi' respectively. If moreover, we denote 
the mass of the point A by m, then for this point 

tho impressed qnantity of motioa will lie expressed by muf ; ^^| 

the cfiective quantity of motion by iiafi' , ^^| 

and tho quantity of motion lost by mpV. ^^| 

If for the points A', A", A'", etc., we denote th^^l 
quantities corresponding to xi, q, p and m, by these 
letters accented, that is, by w', j', p', m' ; ii'\ g", p", m", 
etc., the several quantities of motion for the entire_™ 
system will be thus expressed : ^M 

Tiio impressed quantilies of niation by ^H 

mui', m'u't', m"u"t', etc, ; [(^^| 

tho efibctivo quantities of motion by ^^H 

mqt', m'q't', m"q"t', et«. ; 11*^^1 

the quantities of motion lost by 

mpt', m'p't', Tn"p"t', etc [c] 

Now since the impressed quantities of motion are 
reduced, in consequence of the mutual connexion of 
the points, to the effective quantities of motion, it is 
obvious that ike quantities of motion lost must he in eqiiUi- 
hium among themselves. In this consists the principle 
of D'Alembert. The manner in which the equili* ^ 
brinm will take place, will of course depend npo^^B 
the nature of the system. ^^H 



44. This principle may also be enunciated in 
terms of the impressed and eflective quantities of 
motion. To get this latter enunciation, produce 
DA: and taking AD' equal to AD, complete the 
parallelogram ACBD'. We perceive that AB the 
velocity lost is the resultant of AC the impressed 
velocity, and AD' the eflectLve velocity taken con- 
trary to the actual direction of the motion. Thua 
for the point A, the quantity of motion lost may be 
resolved into the impressed quantity of motion, and 
the eifective quantity of motion, the latter being 
taken contrary to its actual direction. The same 
being true for all the points of the system, we may 
substitute for the quantities of motion [c], the quan- 
tities of motion [a] and [b], the latter [b] being taken 
with the above modification. But the quantities of 
motion [c] are in equilibrium among themselves: 
^jonsequently an equilibrium must also exist between 
the quantities of motion [a] and [b], the latter being 
taken contrary to the actual motions. Thus, in any 
^siem whatever, there ivill be an equilibrium between the 
impressed and effective quantities of motion, the latter being 
taken cmtrary to the actual motions ; regard being had, 
in forming the equations of equilibrium, to the nature 
of the system. 

This enunciation might have been obtained inde- 
pendently of the former; for the truth of it is obvi- 
ous, the moment the terms impressed a7id effective quan- 
iHies of motion are understood in the sense in which 
tbey are here used. The preceding method has 






been employed to insure a greater familiarity with 
the principle than could be acquired by regarding it 
from a single point of view. 

We have supposed the particles of the system to be 
acted upon by accelerating forces only, but the prin- 
ciple 13 equally true when the forces are impulsive. 



MOMENT OF LfEETIA. 

45. The sum of the products obtained by multi- 
plying the masses of the particles of a body by the 
squares of their respective distances from any line 
whatever, is called the moment of inertia of the body 
with respect to the line. 

The moment of inertia of a body is represented 
algebraically by the expression 2(r*/«) ; in which m 
denotes the mass of a particle of the body, and r the 
distance of the particle from the axis with respect to 
which the momeut is taken. When the moment of 
inertia of a body with respect to an axis which 
passes through its centre of gravity is known, its 
moment of inertia with respect to any other axis can 
be readily determined. 

Let C [Fig. 19] be the centre of gravity of the 
body, and FF' an axis passing through it, with 
respect to which the moment of inertia of the body 
is known ; and let its moment of inertia with respect 
to any other axis KK', parallel to FF', be required. 
Let the point C be taken for the origin of co-ordl- 
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nates, and the axis FF' for the axis of s ; and let CX 
and CY, the axes of x and y, be drawn. Let N be 
the place of any particle of the body, and draw 
throngh it the plane NKF parallel to the plane of 
xy, and meeting the axes of moments in the points 
F and K. Draw NE perpendicular to the plane of 
xy, EP and GD perpendicular to the axis of x, and 
ED' parallel to that axis ; and join the points C and 
E, C and G, E and G. Let CD and DG, the co-ordi- 
nates of G, be denoted by a and 8; CP and PE, the 
co-ordinates of E, by x and y\ and CG, the distance 
between the two axes, by a. Also let NK = EG be 
denoted by r, and NF = EC by r,. We have 
CG' = CD^ + DG3, and CE* ^ CP^ + PE^ ; 



TTe also have 
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and r,* ^ a;^ + J/^- 
2 + D'G^ 
-2m: + a^ + /^ 
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-2% + y^ 



or, reducing by equations [a], 

r2 ^r,2— 2ai — 2/3y + o^ ; 

and multiplying each member of this equation by 
the mass m of the particle, we get 

r'ra = r,^m — ^axm — l^ym + a?m. 
If, for other particles of the system, wo denote the 
quantities corresponding to r, r^, x and y, by these 
letters accented, we shall have 

r'^m = r„»m — lax'm —■ ^^y'm -f a^m, 
r"^m = r,„'m — 2aa:"ra — %^y"m -]- a^m, 
etc.; 

20' 
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and adding these equations, supposed to ( 
all the particles of the bodj, we shall get 

2(r»iii) = S(r,^m) — 2cLl(xm) — 2l32(jfm) + a 
Now i{Tm) is the sura of the moments of the masses 
of the particles with respect to the plane of y?, which 
passes through the centre of gravity of the body; 
and hence we have i{zm) = 0. For a similar reason, 
we have ^(ym) = 0. Also zm expresses the sum of 
the masses of all the particles of the body, or its 
entire mass M. Consequently we have 

I(r2«iJ = l(T,'m) + a^M. [b] 

In this equation, the term ^(r,%) expresses the 
moment of inertia of the body with respect to the 
axis FF' which passes through its centre of gravity; 
and i.[r^m) expresses its moment of inertia with 
respect to the axis KK' parallel to the first axis, and 
at a distance from it equal to a. Hence the mamerU 
of inerUa of a lody with respect to any axis, is equal to its 
moment of inertia with reaped to an axis passing through 
Us centre of gravity, parallel to the first, plus the product of 
the mass of the body hy the square of the 'distance ietu/een 
the two axes. 

The second member of equation [b] may be put 
under the form 

Hence we have 




or, denoting 
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Xir^m)=M(k''+a''0 M 

46. The determination of the momenta of inertia 
of particular bodies requires in general the use of 
the integral calcidus, but in many cases they can be 
found by more elementary proceaaea We will give 
a few examples. 

1°. The straighi line. 

Let it be required to find the moment of inertia 
of a material straight line, with respect to an axis 
which passes through the centre of gravity of the 
line, at right angles to it. 

Let AB [Fig. 20] be the line, and C its centre of 
gravity ; and let it be supposed to be divided into 
2n indefinitely small equal parts or elements, by sec- 
tions perpendicular to its length. Let its length be 
denoted by I, and the area of a section by s. The 
volume of an element will be expressed by ^ ; and 

as the mass is here supposed to be proportional to 
the volume, we may also take this expression as the 
measure of the mass of the clement. Moreover the 
respective distances of the elements of BC (half of 
the line) from C, that is, from the axis of moments, 
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Consequently the moment of inertia of BC will be 

^•Q'(l' + 2. + 8»+ «»). 

*»' T-S^lT + T + e)'* 

*To find the som of the scries 

12 + 2^ + 8^ + w2: 

in the identical equation 

{x-iy = (x-i)3. 

or («— 1)' = a?» — 8x2 + 8a: — 1, 

substitate sucocsfflyely for x each term of the scries 

1, 2, 8, 4 n. 

We shall thus get the following equations : 

= 1»_8.1' + 8.1 — 1, 
1» = 2' — 8 . 2^ + 8 . 2 — 1, 
2* = 8» — 8 . 82 + 8 . 8 — 1, 

(n — 2y = (»— 1)' — 8 (n — 1)2 + 8 (ji—l) — 1, 

(n — iy = »» — 8n2 + 8n — 1; 

and if we add the correspondmff terms, cancelling those which are com- 
mon, and denoting the sum of die series 1+2 + 8 + 4 +n 

by «', and that of the series 12 +2^ + 82 + 42 ...y.. +n2by 
«", we shall have 

0=5ii2 — 8*" + 3*' — »; 

and henoe 

' =T + *-8 

= y + (« + l)^-g 

^ »' n2 I, 
"■ T ■*" "2"*" 6* 



or (since we must suppose n = co ) 



24' 



Hence the moment of inertia of tlie entire Hue will 

be expressed by -j^; or, denoting the mass of the 

P 
line by 31, by -Sfj^. 

The moment of inertia of AB with respect to any 
other axis parallel to the first, and at a distance from 
it denoted by a, will be espressed [Art. 45] by 



«(5.»=). 



2°. The rectangle. 

Let it be required to determine the moment of 
inertia of an infinitely thin rectangular plate, 

1st. Let ABDE [Fig. 21] be the plate, and let the 
axis HI with respect to which the moment of inertia 
is to be taken be supposed to pass through C the 
centre of gravity of the plate, and to be parallel to 
one of Us sides, as AB. Conceive the plate to be 
made up of material lines perpendicular to HI. The 
moment of inertia of each lino with respect to this 
axis will be expressed by M .r^, M denoting the mass 
of the line and I its length. Hence if we suppose M 
to denote the sum of the masses of the lines, or the 
mass of the entire plate, the moment of inertia 

required will be expressed by M t^. 



I 
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2d. Let the axis be supposed to pass through C, 
at right angles to the surface of ike plate. As in the 
preceding case, conceive the plane to be made up 
of material lines or elements parallel to the side 
AE: and let the number of these elements, or the 
indefinitely small equal parts into which we suppose 
the line AB to be divided, be denoted by 2n. Let 
AB and AE be denoted by b and l respectively, and 
the thickness of the plate by i. The volume, and 
hence the mass of each element, will be measured 
by 5- ; and the moment of inertia of an element will 
be expressed by 

Mi V_ 
2nl2 



6K 2nl2 , / bX" 



p being any number of the natural series. Hence 
the sum of the moments of inertia of all the lines 
composing the semi-rectangle ALKE will be 

2«Vl3^W /^2»\12^W /^ ^2»Vl2^>2»' /' 
2V 12 ) 




Consequently the moment of inertia of the entire 
rectangle, its mass being denoted by 3/ and its dia- 
gonal by df will be expressed by M pj. 

3°. The reclanguhr parallehpipedon and iriangvlar 
prism. 

Since a rectangular parallelopipedon [Fig. 22] may 
be supposed to be made up of a series of equal rec- 
tangular plates, its moment of inertia with respect 
to an axis CC passing through the centres of gravity 
of any two of its opposite faces will be expressed by 

the formula -^tk! ^ being supposed to denote the 
mass of the solid, and d the diagonal of either of the 
faces to which the axis is perpendicular. 

The same formula also expresses the moment of 
inertia of each of the equal triangular prisms into 
which the parallelopipedon is divided by the dia- 
gonal plane ADD'A', with respect to the axis CC' 
which joins the middle points of the hypothenuses 
AD and A'D' of their triangular bases; M being 
supposed to denote the mass of either of the two 
prisms, and d the hypothenuse AD or A'D'. 



THE COMPOTIND PODOLDM. 



47. The simple pendulum has only an ideal exist- 
once. It is essential, therefore, to the practical 
application of the results obtained in articles 19 and 
20, relative to this pendulum, that the relations 




betweeu it and the compound pendulum should be 
known. Those relatioua wo are now to investigate. 

Let a compound pendulum be conceived to oscil- 
late about a horizontal axis. During its motion, the 
material points, or particles of which it is composed, 
will describe arcs of circles, the planes of wbich will 
be perpendicular to the axis. Let OGFH [Fig. 23] 
be one of these planes, and the point in which it 
is intersected by the axis; the axis being supposed 
to be perpendicular to the plane of the paper. 

The pendulum being in motion, suppose that 
at the expiration of the time t, the particle which 
describes the arc HFG has arrived at the point A, 
having during that time described the arc HA. 
Denote by u the anjular vehciiy of the whole system 
at this instant ; that is, the velocity of any point, as 
I, at the distance from the axis which we assume as 
the linear unit; and denote the distance OA by r: 
then the absolute velocity of the element at A will 
be expressed by rw. In the following instant, this 
velocity will be increased by the action of gravity. 
Let g the intensity of gravity be represented by the 
vertical line AD, and be resolved into the two com- 
ponents AE and AB, the one in the direction of OA, 
and the other perpendicular to it. The first being, 
destroyed by the re-action of the fixed point C, we 
have to consider only the latter. This component 
causes the angular velocity to vary, and, if we repre- 
sent the angle BAD by 5, will be expressed by^ cosj. 
If we denote the increment which the angular velo- 



J 



city receives during the instant i', by «', the corre- 
sponding increment of the velocity of the particle 
at A will be expressed by rJ : and at the end of the 
time t + 1', the velocity of the particle will be 
expressed by r^ + ru'. 

If the element at A were unconnected with the 
other particles of the system, the accelerating force 
JACOBS would communicate to it, during the instant 
ff the velocity^ cos 5 i' ; and at the end of the time 
i + f, its velocity would he ri^ + cf cosiS i' ; the direc- 
tion of the velocity being AB, the same as at the 
end of the time i. 

Now these increments of velocity^ cosii t' and ru' 
are what we have called, iu Art. 43, impressed and 
effective ■velocities respectively. Hence denoting the 
mass of the particle at A by m, the impressed quan- 
tity of motion of this particle will be^ cos 5 I'm, and 
its effective quantity of motion nJm. All that we 
have shown to be true of the particle at A, being 
equally true of all the other particles of the system, 
we shall have for the impressed quantities of motion 
of the whole system a series of terms each of the 
form g cosd t'm, the sum of which, employing the 
usual symbol, may be expressed by 

2(^ coaiJ t'm'). 

We shall also have for the effective quantity of 
motion of the system a series of terms of the form 
rw'm, the sum of which may be expressed by 



k 






Now according to the principle of D'Alemba 
[Art. 44], these two quantities of motion will 
equilibrium with each other, if the latter be taken 
in directions contrary to the actual directions of the 
motions. The case then is exactly similar to that of 
Art. 40 of Statics; and the condition of equilibrium^ 
is, that the sum of the moments of the forces which 
tend to turn the system in one sense about the fixed 
axis, must be equal to the sum of the moments of 
the forces which tend to turn the system in the 
opposite sense, the moments being taken with respect 
to the axis itself 

To obtain the moments of the forces or quantities 
of motion, we have only to multiply the quantities 
of motion (impressed and effective) of each element, 
by the distance of the element from the axis. WT* 
shall thus get for the equation of equilibrium, 

or since J is common to all the terms of the firt 
member, and i' and ^ to those of the second, 

u'2(r'm) = gt'Sl^r cos S m) ■ 

and hence we shall have 

Conceive now a vertical plane to be drawn througn 
the fixed axis, and perpendiculars to be drawn to £9 
from all the particles of the pendulum. Let AN = jj 
be the perpendicular drawn from the particle at AS 
then we shall have 



t 



and betice, substituting y in place of r coso in the 
preceding equation, we shall get 






.[a] 



The expression 2(.y»i) represents the sum of the 
moments of all the particles of the pendulum with 
respect to the vertical plane drawn through the axis ; 
and if we denote hy y' the perpendicular drawn from 
the centre of gravity of the pendulum to this plane, 
and by 3/ the entire mass of the pendulum, we shall 
have [Statics, Art. 45], 

SCym) = y'M; 

and hence 



y'M 



. [b] 



Let C [Fig. 24] be the centre of gravity of the 
pendulum, and O'G'F'H' the plane drawn through it 
perpendicular to the axis, and let 0' be the point of 
intersection of the plane and axis ; then the line CN', 
drawn perpendicular to the vertical O'F', will be the 
line which we have denoted by^; and denoting 
O'C by a, and the angle O'CN' by i', we shall have 

S' = a COS S'. 
We also have [Art. 45], 

Hence, by substitution, equation [b] will become 
u' yd cog 5' M ga cosi' 



M(_a- 



- ^-=') " 



The second member of this equation is obviously 
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[Art. 10) the expression of the angular accelerating 
force for the whole pendulum. 

Let us now seek the expression of the angular 
accelerating force for a single particle, situated at R 
on O'C produced ; O'R being supposed to be without 
mass, and inextensible and inflexible, so that the 
line and particle together constitute a simple pendu- 
lum. 

On the supposition that the compound pendulum 
is reduced to a single particle, equation [a] becomes 



and applying this result to the particle at B, and 
denoting the line O'R by /, we get 

u' _ ?' COB i' 
T ~ P 

(f CtlBiS' 
I ■ 

The second member of this equalioa is the expres- 
sion required. 

48. If now it be proposed to determine the value 
that must be given to /, in order that the simple 
pendulum (or the point at R) may oscillate in the 
same time as the compound pendulum, we have 
only to put the expressions of the accelerating forces 
in the two cases equal to each other. We thus get 



I 



49. To apply this formula to a particular case, we 
must determine the maas il/of the given pendulum, 
and the distance a of ita centre of gravity from the 
axis of suspension. We must also calculate the 
moment of inertia of thia mags, with respect to the 
axis passing through the centre of gravity parallel to 
the axis of suspension. Then dividing this moment 
by the masa, we shall have the value of ^j and sub- 
Btituting the values of a and ^ in the second mem- 
ber of the equation, we shall have the length I of the 
simple pendulum which will oscillate in the same 
time with the compound pendulum. 

If through R, considered as a point of the com- 
pound pendulum, a line be drawn parallel to the 
axis of suspension, all the points of the line will 
obviously oscillate in the same manner as the point 
R, Thia line is called the axis of osciUaiion of the pen- 
dulum, and the points 0' and R are called the centres 
of suspension and oscUkUion respectively, 

50. The axes of oscillation and suspension are reciprocal; 
thai is, when the axis of oscillation is made the axis of sus- 
pension, the loiter becomes the axis of osdllaiion. 

For let AB [Fig. 25] be the section of a compound 
pendulum by a plane passing through its centre of 
gravity, perpendicular to the axis of suspension; 
and Buppoae C to be the centre of gravity, and 0' 



the centre of suepensioo. To determine the length 
of the corresponding simple pendulum, we have the 
equation 



', since a = O'C, 



l = a + ^ 



l=OV+-. 



If then on O'C produced we lay off CR equal to r^, 
the point R will be the centre of oscillation. 

Now let the pendulum be inverted, and the point 
R [Fig. 26] be taken for the centre of susj^ension: 
then denoting the length of the corresponding simple 
pendulum by ^, and the distance between the centres 
of gravity and suspension by a', we have 






O'C 



Thus the lengths of the corresponding simple pen- 
duluma are the same, and the oeciUations about the 



A 
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axes of suspension and oscillation are made in equal 
timee. 

51. Conversely, if the duralwn of the osciUations of a 
compound pendulum is the same about iwo parallel axes 
wUeh lie in the same plane with the centre of graviiij of the 
pendulum, and at unequal distances from that point, the dis- 
tance betiveert the axes will be equal to the length of the sim- 
ple pendulum which ivill oscillate in the same time. 

For representing by AB [Fig. 27] the section of 
the pendulum by a plane which passes through C its 
centre of gravity, and supposing the points 0' and 
O, to be made the centres of suspension alternately, 
■we have for I aud /', the lengths of the corresponding 
simple pendulum, 



= a + - 






:' + -r. 



a and a' denoting the distances O'C and O^C respec- 
tively. But if the oscillations of the two pendulums 
are made in the same time, we shall have 



a + - 



( and - 



But 



from which we get for a' the values i 

0'0> the distance between the ases is equal to the 
sum of a and a' ; hence we have 

O'O, = a + o' ; 

or, employing the latter value of «', 

O'O, = « + ^■ 
Henoe O'O; is equal to the length of the simple pen- 



I Henoe 
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■ -■■■ -i:::i. 

.r.rf*:'*'-^'- ./ , .:^j;v. rr^r" -^Tn. 

-''•* ' ^' •-■■,'-'■■'• '^ :..^:/.'^' ;:-; -.hft .;-or ^^g^ -^ 

^',// /'v, .•/,rrj''' .vio<.t*<in/^/',^ in -which the elasticity 

I ! //// lit 'fit* It'll I iff) 

^ ' ' A uuA \\ \V\^f y,'t\\^ht^ two \ri('AfiHtie homoge- 

* <■• liM'lMf! ni t'|.li/'ri/ fil ihinty moving from left to 

tif.M MM ihn f(iMi/*hl, |jn<* A'lr which joinfl the cen- 
'"•• '' 'HI.! «' J Mti'l |h|. a Im» HtippoHod to have the 






If.} 

& T^rr ^on rrwifr, ^ ^jf booes Seats- ai^iiTLTsi ;& 
to act icn^a cam cxber. sod will 



Let tfie nrhiTT cf A aod B be dauscsd bir .91 ami 
flT^ and di£fr TelbeEoes b«^r& ngerirrg b j ? saii r 
R^^etcrel J; azid k^ tLe comzsaJZL Tclocrr w{l^:& c&f y 
BaTe after msetfttg be deoOTed bj s : tKei tfte Tdia^ 
cxty look by A wiE be r — k, and the TdiocLirT garinfti 
bjB wiQ be a — ^. azid the quazitmss of mtQCDOQi losii 
and g*Tru>^ wiR be s (r — a) and m (a — ? ) repeo 
tiT^y CoQsequentljy nnce by the t&icd liair of 
motioii tike force or quantity of modoa lose by A 
moat be eqoai to that gained by B, we .^aTT bax^ 



and beDC6 



The equation fi>r the caae in wiiich the two bodies 
more in opposite direction^ may be immediately 



TfaBjaaIiaiajal0>liefinmd bjtiie praeiple c€ B' Aleanljert : tims 
wm + fliV is die bapnmtd^ and (m + m^) m is the ^iktcre qouJidEj 
of Bctioa: aodbtttt 



aodif = 
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deduced from equation [a] by making v' negativ 
We shall thus have, for this case, 



54. AppUcaiion of emotions [a] and [b] to particular 
cages. 

1°. Let one of the bodies, as B, be supposed at 
rest; then v' = 0, and we shall have 



i 



In this case, we perceive that as m' increases, v 
and m being supposed to remain the same, u dimi- 
nishes; and that when »»' is so great that it may be 
considered infinite with respect to m, u is zero. 

2°. Let the bodies be supposed equal in n 
then m = m' ; and accordingly as they move in thi 
same or in opposite directions, we shall have 
u = l{v + v'), or u = ^(v — v'). 

3°. Let the bodies be supposed to be equal : 
mass, and one of them, as B, to be at rest : thei^ 
m = m' and v' = 0, and we shall have 
" = ir, 

55, Elastic bodies. 

When a perfectly elastic body of spherical fori 

impinges at right angles upon a fixed plane, its veld 

city is gradually diminished, and, when the cori 

pression reaches its limit, is reduced to zero ; but the " 

instant the compression is completed, the body, in 

virtue of its elasticity, begins to resume its primitive 



J 



iigure, and, in the operation, acquires s retocity in 
the opposite direction, exactly equal to that whioh 
was lost. Let us apply this result to the collision of 
two perfectly elastic spherical bodies A and B [Vrg. 
29], supposed to be moving from left to right on the 
line joining their centres; and let the muue nota- 
tion be employed as in the preceding case. Art. 53. 
In estimating the effect of the collision, it ia evident 
that until the elasticity begins to act, wo may con- 
sider the bodies as inelastic. Consetiuontly ivt tlu> 
instant of greatest compression, the velocity « com* 
mon to each body will be given by the ofiiuUion 



"=^;-^= M 

and the velocities lost by A and gained by !1 during 
the compression, will be 

But in the process of resuming ItM priiiiilivi* Ilj^iirn, 
each body may obviously bo n!garil<"il tt« iinlJlig 
upon a fixed plane, supposed to pum Uit'iiii^li tliu 
point of meeting of the twobodiex, at right lUiKint to 
the line on which they are itiovinj^. HiitKM diirJlltf 
this proce.ss A will lone, and B will i^ti'ni, llm mldi^ 
tional velocities 



respectively, and the total velocititm lo»t «»d iJftlllfid 
by the two bodieti will bts 

I«8peettve1y. If tlueo v« deKWt« ih^ vaMty of A 
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after collision by v,y and the velocity of B by v„y we 
shall have 

V, = » — 2(© — u), 
or », = 2tt — r; 

and r,, = r' + 2(t* — r'). 

or ^u = 2u — r' ; 

and substituting in these equations the value of u 
given by equation [c], we shall get 

2(fiit; + mV) 

V, = — ^^ T — 7 ^* 

m + m' 

and v„- ^^^, V, 

or, reducing, 

"' = — sr+^ — [**3 

and t>„ = -5^ — ^ .^^, [e] 

To adapt these equations to the case in which the 
bodies move in opposite directions, we have only to 
suppose the velocity v' negative. We shall thus get 

v(m — m') — 2m V ^_ 

m + fn' ' [^ 

v'(rn — m') + 2mv 

""" - ^"T^ td 

56. Application of equations [d] and [e]. 
1^. Let m=:m': then 

Vf = v', and r,^ = v. 

Thus zer^ ^^ mo^^e^ are equals the coUimn vnU cause the 
bodies to exchange velocities. 
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2^. Let m = m' and v' = 0: then 

V, = 0, and v,, =: r. 

That id; i(^ bodi/ A e^nf^ d^ brought to rest^ and B e^^Z? 
acquire its entire velocity ; a result immediately deduci- 
ble from the preceding case. 

From this it is evident^ that in the case of a series 

of elastic balls, A, B, C, P, Q, R, of equal mass, 

in contact with each other, and having their centres 
on the same straight line: if the first ball (A) be 
made to impinge with any velocity directly upon 
the second (B), the only visible efiect will be to 
cause the last of the series (R) to move in the same direction 
toith an equal vehcUy, all the intermediate halls remaining 
at rest. 

3^. When v' = 0, but m is not equal to m% the direc- 
tion of the motion of the impinging ball, after colli- 
sion, depends upon the relative values of m and m\ 
Thus when m > m', v, and v„ are both positiye, and 
both baUs will move after collision in the original direction ; 
but when m < m', v,^ is positive, but v, negative ; and 
the impinged ball only will move in the original direction^ 
while the impinging ball will rebound. 

57. Application of equations [f ] and [g]. 

1^. Let m ==m' : then 

r^ = — r', and v^, = v. 

Thus, in this case, the bodies mil exchange both velocities 
and directions. 
T. Let v^^v'i then 

v(m — 3»iO - t?(3m — m') 
V, = -^^ — — ^, and v., = -^^ ~ ; 



and we perceive that when m = 3m', we have 
c, = 0, and v„ = 2v. 

58. ReUdive vehdly before and after collision. 
From the equations r, = 2u — v, and r^, = 2m — v', 

we get by Bubtraction 

from which it appears that the relative velocUies of the 
two bodies before and after collision are equal to each other. 

59, Imperfedhj elastic bodies. 

In the collision of an imperfectly elastic ball with 
a fixed plane, the ratio of the force or quantity of 
motion destroyed by the compression of the ball (or 
the force of compression), to the force generated by its 
restoration to its primitive figure (or the force of resti- 
tution), is called the modulus of elasticity of the substance 
of the ball. If, then, in any case, we denote the 
modulus by e, the mass of the ball by m, and the 
velocities corresponding to the forces of compression 
and restitution by c and r respectively, we shall have 



and hence r = ec [bj 

The value of e will obviously always lie between zero 
and unity ; the former limit answering to the case of 
an inelastic body, the latter to that of a body per- 
fectly elastic. 

To determine the velocities after collision, in the 
case of two imperfectly elastic balls moving on the 
line joining their centres, we proceed in the eam 



J 
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manner as in Art 55. Thus, employing the same 
notation as in that article, the velocities lost by A 
and gained by B during the compression, being 

V — u and u — r', 

the velocities lost and gained by the balls in the pro- 
cess of recovering their figure, will be [equation h], 

e(y — It) and e(u — w'), 

and the total velocities lost and gained will be 

(v — t*) + ^(v — u) and (u — v') + e(u — v'). 

Hence we shall have 

V, =: V (V U) €(V U) 

= (1 + c) t* — ev 

= (1 + g) ^. -i — ^^* CO 

m *f- tn 
and t'// = «^ + (m — V) + e (u — tj') 

= (1 + e) M — ev' 

= (1 + 7—1 ei)' [k] 

If we suppose the balls to have equal masses, and 
A to impinge upon B at rest, we have 

m :=. m/ and t?' = ; 

and hence v„ = (1 +c) s ' 

from which we get 

e = ?^-l [m] 

To determine in a given case the modulus of elas- 
ticity, we suspend at the points C and C in the man- 
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ner represented in Fig. 30, two equal spherical balls 
A and B of the substance in question ; and withdraw- 
ing the one (A) from its position of equilibrium, suf- 
fer it to descend and impinge upon the other (B) at 
rest. The arcs described by the respective balls 
being MNG, M'N'G', the velocities v and v„ with 
which A impinges upon B, and which B acquires 
from the impulse, will be given [Art. 17] by the 
equations 

«2 = 2^ X PG = 2^ X ^^^ 
v,,^ =z2g X P'G' = 2^ X 

Hence, since FG = F'G', we have 

» ^ PG ■" MG ' 

and substituting this value of — in equation [m], we 
get 

= 2x^-1. 

The arcs MNG, M'N'G' being known, their versed 
sines PG, P'G', or their chords MG, M'G', can be 
easily calculated, and hence the value of e deter- 
mined. 

60. Loss of living force in the collision of inelastic bodies. 

The product of the mass of a material point or of 
a body, all the points of which have the same velo- 
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city, by the square of its velocity, is called the Stmff 
farce, or via viva, of the point or body. 

Thus, employing the same notation as in article 
53, the snm of the living forces of the inelastic 
spheres A and B, moving in the manner supposed in 
that article, is, before collision, mt^ + m'v'^; and after 
collision, {m + m')t^. Let the latter of these expres- 
sions be subtracted from the former, and let their 
di£ference be denoted by d; then we shall have 

But multiplying equation [a], (Art 53), by (m + m')u, 
we have 

and hence 

and adding these two equations, we get 

Consequently we have 

The second member of this equation being positive, 
it follows that in the case of the two inelastic spheres 
A and B, the sum of the living forces after collision is 
less than their sum before collision. It is also evident 
from the form of the second member, that the differ- 
ence of the two sums, or the loss of living force by 
the collision, is equal to the sum of the living forces 

due to the velocities {v — u) and (w — v'\ which are 

23 
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lost and gained by the bodies respectively. This is 
a particular case of the general principle, that the 
sudden changes of velocity which occur in the colli- 
sion of inelastic bodies, whatever their number and 
forms, and whether the collision takes place among 
themselves or with fixed obstacles, are ahvcufs attended 
with a loss of tiving force. 

61. Conservation of living force in the collision of per- 
fedly elastic bodies. 

If, as in article 55, we suppose the two spheres A 
and B to be perfectly elastic, employing the same 
notation as in that article, we shall have 

r^ = 2tt — V and v„ = 2u — v' ; 

and hence 

mVf^ = tn(2u — v)^ and m'Vf,^ = m'(2u — r')^. 

Consequently we shall have 

= 4(wim2 + m'u^ — muv — m'uv') + nw^ + mV^ ; 

and since [Equa. n] the expression within the paren- 
thesis is equal to zero, we shall get 

Thus in the case of the two perfectly elastic spheres 
A and B, the sum of the living forces before and 
after collision is the same. This is a particular case 
of the general principle, that in the collision of perfectly 
elastic bodies , there is no loss of living force. 

62. Conservation of the motion of the centre of gravity 
in the collision of bodies. 
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Let the distances of the centres of the two spheres 
A and B from any assumed point of the line on 
which they are moving, at any instant before colli- 
sion, be denoted by x and y ; and let the distance of 
their common centre of gravity from the same point 
at the same instant, be denoted by z : then, retaining 
the previous notation, we shall have (Art. 45. Statics) 

Again, let the corresponding distances from the same 
point, for the instant immediately following, be 
denoted by x\ y' and z' : we shall also have 

(m + m')z' =. mx' + my. 

Hence, subtracting the first equation from the 
second, we shall have 

(m + m') (z' — 2^) = in(x' — x) + m'(y' — y) ; 

and denoting the infinitely small interval between 
the two instants by t\ and dividing each member of 
this equation by it, we shall get 

If we suppose the second instant to be that which 

immediately precedes the collision, — - — and - — j-^ 

will respectively express the velocities which we 

have denoted by v and v' : Also ^_Zl5 v^iU express 

the velocity, which we will denote by V, of the com- 
mon centre of gravity of the two bodies. Hence we 
shall have 

(m + m') V = mv + m'v\ 
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and K= . _T_ [o] 

m + m' 

If we denote the velocities of A and B immedi- 
ately after collision, by to and w\ and the velocity of 
their common centre of gravity at the same instant 
by V\ we shall find, by an operation similar to the 
above, 

m + m' 

We will apply these results to the two extreme 
cases. 

1^. When the two bodies are inelastic, they have, 
after collision, a common velocity u. Hence, for this 
case, we have 

w = w' =: u, 

and V = (!1±_1!> = «. 

m + m' 

But [Ari 53] u = *"" + ^ ; 

in + m' 

hence [Equa. o] r = w, 

and consequently V = T'. 

2^. When the bodies are perfectly elastic, we have 

«> = t'/ = 2ii — r, and tr' = v„ = 2u — v' ; 

and hence 

y, ^ fn(2u — v)+ m'(2u — v') 

m 4- m' 

ss 2u — ^^ 

m + m* 

m 2u — HSU. 



But V = «; 

consequently f'= V'- 

Thus whether the two bodies are inelastic or per- 
fectly elastic, the velocity of their common centre of 
gravity, immediately before and after their meeting, 
is the same ; the collision, though changing the velo- 
city of each body, producing no alteration in the 
velocity of that point. This is a particular case of 
the general principle, called "the principle of the 
conservation of the motion of the centre of gravity," 
that the midital action of the bodies of any system does not 
alter the motion of the centre of gravity of the system. 

63. Oblique collision. 

We shall consider only the simple case of the colli- 
sion of a spherical ball with an immovable plane. 
Jjet AB [Fig. 31] represent the plane, and CI the 
line described by the centre of the ball. On CI pro- 
duced, let IB be taken to represent the velocity of 
the ball; and let it be resolved into the components 
IF and IM, the one in the plane AB, the other per- 
pendicular to it. Denoting the velocity of the ball 
by V, and CIL the anyle of incidence by a, we shall 
have 



1°. If the ball is inelastic, there will be no compo- 
nent perpendicular to the plane after collision, and 
the ball will move in the plane with the velocity 



2^. If the ball is perfectly elastic, it will tend to 
rebound in the direction IL with the velocity IN, 
equal to IM or v cos a; and in virtue of the two velo- 
cities IF and IN, will move in the direction IG with 
a velocity ID ecfual to IE ; the angle of reflection GIL 
being equal to the angle of incidence. 

Z°. If the ball is imperfectly elastic, it will tend to 
rebound with a velocity IN' less than IN, and such, 
that if e denote the modulus of elasticity, we shi 
have 



IN' 



and hence IN' = « x IN. 

In this case the ball will move, after collision, in the 
direction IG', and with a velocity ID' which will be 
given by the equation 

IB' = V"* sin^o + e^i-2 cob= a; 
and if wc denote the angle of reflection UG' by c 
this angle will be given by the equation 

, _ p sin a _ tang a 



1 



GRAVITATION. 

64. It has been found by observation, that i 
planets, in their revolutions about the sun, observe'^ 
the following laws : 

Ist. The areas described ly the radius vector of a planetM 
(or the line drawn from the centre of the sun to thfl? 



centre of the planet), are as the times < 
deserihing them. 

2cl. The orUt of a planet is an ellipse of small cccentri- 
eUy, Itaving the centre of the sun at one of its foci. 

3d. The squares of the periodic ti7nes of any two planets 
(or the times of the complete revolution of each 
about the Bun), are to each other as the cubes of their 
mean distances from the sun (or the semi-transverse axes 
of their orbits). 

The satellites, in their revolutions about their pri- 
maries, are found to obey the same laws. 

These laws, from the name of their discoverer, are 
called Kepler's laws. 

According to the first law of motion, the tendency 
of a planet, at each point of its orbit, is to move in 
the straight line which is tangent to its orbit at that 
point: therefore, since its motion is curvilinear, it 
must constantly be acted upon by an accelerating 
force. The object of this section is very briefly to 
investigate the laws which regulate this force. The 
laws of Kepler refer to the motions of the centres of 
gravity of the planets; and in all that follows, we 
shall consider the masses of the planets as reduced 
to these points. 

1°. The direction of the force. 

Since the areas described by the radius vector of 
a planet are proportional to the times employed in 
describing them, the force which deflects the planet 
from the straight line in which it tends to move, 
must (Art. 22), coincide in direction with the radius 
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vector, and ecmdanlhf pjiBdt the body ioKard» the cadre of 
the «fn. 

2^ law aecfmrding to wMch the udemty of the force 
varies. 

Let AMA' [Fig. 32] represent the elliptical orbit 
of a planet, and F the focns occupied by the centre 
of the sun. Let MM" be an arc described by the 
planet in the indefinitely short time V \ imd to its 
extremities M and M", draw the radii vectores FM 
and FM". Draw MY tangent to the curve at M; 
and from M and F, draw MC and FY perpendicular 
to MY. Draw also M"N, M'^K perpendicular to MC 
and MF respectively; and take MC^ equal to the 
radius of curvature at the point M. 

The arc MM'' being infinitely small, the direction 
and intensity of the accelerating force, during the 
time i\ may be supposed to remain the same. Dur- 
ing this time, then, the accelerating force acting 
alone would cause the point to describe the line MI. 
Hence denoting the intensity of the force by -F, we 
have [Art. 3], 

and taking f for the unit of time, we get 

i^=2MI [a] 

To find an expression for MI, we get from the 
similar triangles MNI, M"KI, 

M' K : W\ : : MN : MI ; 

M"I 
and hence MI = MN x ^177^ [b] 
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But since MM" may be considered the arc of a circle 
of which MC is the radius, we have 

M"N2 = (2MC' — MN)MN ; 

or, neglecting MN in comparison with 2MC'5 

M''N2 = 2MC' X MN ; 
M"N2 



and hence MN = 



2MC' 
M"I2 



* 



[c] 



2MC' 

Moreover, we have 

{p denoting the parameter of the ellipse) ; or, observ 
ing that the similar triangles M"KI, PYM give 

FM : FY : : M"I : M''K, 

EM M''I 



or 



FY M"K' 



we have MC'=|x (j^)': 

hence substituting this value of the radius of curva- 
ture in equation [c], we get 

1 M"K3 
MN = -X^ [d] 



*NI may be neglected in comparison with M''I, since it is a quan- 
tity of the same order as MN ; that is, an infinitely small quantity of 
the second order. 

tJaokson's Conic Sections, Ohap. lY, Prop. I, Cor. 2. 

24 



I^astly, substituting this value of MN in equation [bj 
we have 

^- X M"K> M 



If now we denote the area of the elliptical sector 
FMM" by s, we have (coneidering MM" as a Btraight 
line), 

FM X M"K 




and aubstituting this value of M"K' in equation [el 
we get 



hence [Equa. a] we have 



Again, considering the action of the accelerating' 
force at some other point of the ellipse, as M', and 
for an equal interval of time (f), we have, denoting 
the intensity of the force by J", 



consequently we have 



Thus the force which retains the planet m its orbit, i 
in the inverse ratio of the square of the distance of 
phnetfrom the centre of the sun. 
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65. Varialicm qf the farce from one planet to another. 

Let T and T' denote the periodic times of two 

planets ; 8 and 8', the areas described by their radii 

^ectores in the time f ; and a sxiSb, a' and h'y the semi- 

«ses of their orbits : then the area described by the 

radius vector of the first planet^ in the time Ty will 

be Te ; but this area, being the entire surface of the 

ellipse, will also be expressed by ^ab : hence we shall 

have 

and 
We shall also have 



T = 


» m 

s 


T': 





consequently, according to Kepler's third law, we 
shall have 



*^an^ 'K^al^y^ 



: : a' : a" ; 



or, multiplying the antecedents by -j and the con- 



^3 

sequents by -73, 



ft2 ft'2 



a a' 



or, denoting the parameters of the ellipses hyp and p', 

. t •• 2 • 2 
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But denoting the accelerating forces which act 
upon the two planets at the points M and M, of their 
orbits, by F and F,, we have (Equa. f, Art. 64) 

„ . „ ./ 1 «' . 1 *'" 



p ^ FxM2 • p' FM,2- 

Combining then this proportion with that immedi- 
ately preceding, we get 

F X F, : : FM,' : FM^. 

Prom this we infer that tfie force which solicits the 
planets towards the centre of the suriy varies from one planet 
to another according to the same law as thai which governs 
in different positions of the same planet ; the variation 
depending only upon the distance, and not upon any 
peculiarities that may exist in the constitution of the 
planets themselves. 

66. Since the satellites, in their revolutions about 
their primaries, also conform to Kepler's laws, the 
force which retains them in their orbits must solicit 
them towards the centres of their primaries, accord- 
ing to the same law as that which obtains in the case 
of the sun and planets. 

67. From the foregoing results, it appears that the 
phenomena take place as if the matter of the bodies 
composing the solar system were endowed with a 
peculiar property, in virtue of which these bodies 
exert a mutual attraction according to the above law. 

With respect to the relation between the attrac- 
tion exerted by a body, and the mass of the body, 
the most obvious supposition, viz. that the force is 
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directly proportional to the mass, is found to agree 
with the results of observation and calculation. 

Lastly, it can be shown, by methods not adapted 
to the present work, that if bodies, considered in 
the aggregate, attract each other in the inverse ratio 
of the squares of their mutual distances, then their 
ultimate particles must attract each other according 
to the same law. We thus arrive at the general law, 
thai the particles of all bodies attract each other in the direct 
ratio of their masses^ and the inverse ratio of the squares of 
their distances. This law is called the law or theory of 
umversal gravitation. Its full development in its appli- 
cation to the bodies of the solar system, constitutes 
the science of physical astronomy. The agreement 
of the deductions of this science with the results of 
observation, is such as perfectly to establish the truth 
of the law. 
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